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SUMMARY
The d i f f r a c t i o n  an d  p r o p a g a t io n  p r o b le m s  p r e s e n t e d  h e r e  f a l l  
b r o a d ly  i n t o  t h e  tw o  c a t e g o r i e s  o f  h ig h  f r e q u e n c y  d i f f r a c t i o n  o f  
e l e c t r o m a g n e t i c  w a v e s  b y  sm o o th  o b j e c t s  an d  o f  lo w  f r e q u e n c y  
d i f f r a c t i o n  o f  e l e c t r o m a g n e t i c  w a v e s - b y  o b j e c t s  w i t h  e d g e s .
I n  t h e  fo r m e r  c a t e g o r y  t h e  g e o m e tr y  o f  t h e  p r o b le m s  i s  s u c h  
t h a t  t h e  v a r i a b l e s  may b e  s e p a r a t e d  an d  a s o l u t i o n  o b t a in e d  i n  
f.he fo rm  o f  an  e i g e n f u n c t i o n  e x p a n s io n  w h ic h  i s  s u i t a b l e  a t  lo w  
f r e q u e n c j .e s .  T he W atson  T r a n s fo r m a t io n  w h ic h  i s  t h e n  em p lo y e d  
e n a b l e s  t h e  h ig h  f r e q u e n c y  c a s e  ( i . e .  t h e  c a s e  w hen t h e  w ave 
num ber i s  l a r g e )  t o  b e  c o n s i d e r e d .
I n  t h e  l a t t e r  c a t e g o r y  an  i n t e g r a l  e q u a t io n  a p p r o a c h  i s  a d o p te d  
and a  s o l u t i o n  t o  t h e  b o u n d a r y  v a lu e" “p r o b le m s  i s  sh ow n  t o  r e s t  
upon  t h e  s o l u t i o n  o f  a  F re d h o lm  i n t e g r a l  e q u a t io n  o f  t h e  f i r s t  
k in d .  U s in g  a  t e c h n iq u e  e m p lo y e d  b y  W. E , . W i l l i a m s , t h e  F red h o lm  
i n t e g r a l  e q u a t io n  o f  t h e  f i r s t  k in d  i s  r e d u c e d  t o  a  F re d h o lm  
i n t e g r a l  e q u a t io n  o f  t h e  s e c o n d  k in d  f o r  w h ic h ,  a f t e r  e n s u r in g  
t h a t  e d g e  c o n d i t i o n s  a r e  s a t i s f i e d ,  an  a p p r o x im a te  s o l u t i o n  i s  
o b t a in e d .  T h is  s o l u t i o n  i s  u s e f u l  a t  lo w  f r e q u e n c i e s  ( i . e .  when  
t h e  w ave num ber i s  s m a l l )  an d  w hen c e r t a i n  s e p a r a t i o n  d i s t a n c e s  
a r e  c o n s id e r e d  l a r g e .
I n  b o th  c l a s s e s  o f  p r o b le m s  a t t e n t i o n  i s ,  a m o n g st  o t h e r  t h i n g s ,  
f o c u s e d  o n  t h e  f i e l d  a t  l a r g e  d i s t a n c e s  fro m  t h e  s c a t t e r i n g  
o b s t a c l e s  s o  t h a t  e x p r e s s i o n s  f o r  s c a t t e r i n g  c o e f f i c i e n t s  and  
t r a n s m i s s i o n  c o e f f i c i e n t s ,  w h e re  a p p r o p r ia t e , ,  may b e  o b t a i n e d .
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H ig h  f r e q u e n c y  d i f f r a c t i o n  o f  a  p la n e  w ave b y  
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PART I (A)
INTRODUCTION
Several authors have considered the two dimensional problem of diffraction by a sound 
soft/hard wedge. In particular, Oberhettinger [1] has considered the diffraction problem 
which arises when sound waves or electromagnetic waves emanate from a line source whose 
axis is situated parallel to the edge of the wedge.
v
The additional presence of a sound soft/hard circular tip  at the. removed apex of the 
wedge has received the attention of Maulik [23, who gives a detailed analysis only when 
the angle between the wedge faces is less than 7t /2. The problem which arises when the 
wedge angle is exactly 2?r has been considered by Magiros and Keller [3 ].
Here, an impedance condition is understood to prevail on the circular tip  and consideration 
is given td the high frequency electromagnetic case when the wedge angle, is greater than 
rr/2.
A solution to the boundary value problem is first obtained as a series expansion in terms 
of the angular eigenfunctions which satisfy the prescribed boundary conditions on the wedge 
faces. This solution is then modified to give the solution for an incident plane wave, but 
ii  is unsuitable for high frequency computation (i.e. when the product o f the wave number 
k  and the radius a of the circular tip  is large).
To treat the high frequency case the Watson transformation is employed, thereby expressing 
the series as an open infinite contour integral in the complex plane. On closing the contour 
of integration to surround the poles of the integrand, via an infin ite semicircle in the com­
plex plane, a further 'residue' series is obtained. The behaviour of the integral over the 
infinite semicircle has to be investigated and it is seen that the 'residue' series represents 
a diffracted field in a specific shadow region. Further, the contour integral may be decom­
posed into several such integrals, some of which yield diffracted fields as before and one 
which is selected to yield a geometrical optics field in an illuminated region. The geomet­
rical optics field is obtained on expanding the integrand asymptotically for large ks and 
evaluating the resulting integral using the method of stationary phase. As is well known, 
and necessarily shown here, the procedure is not suitable in the penumbra regions because 
the asymptotic expansions used to obtain the geometrical optics field are not valid in these 
regions.
Also, in qther regions the asymptotic expansions leading to the geometrical optics field 
are not valid. These regions are found on and near the caustic in a boundary layer whose
width is of the order (ka/2) ' , and in a region between the forward and backward
half spaces (evanescent boundary layer). The field is readily found in the first mentioned 
boundary layer and a smooth transition from the illuminated region to the shadow region
can be shown. For a smooth transition from this region into the evanescent boundary
layer and from the evanescent boundary layer into the illuminated and shadow regions in 
the neighbourhood of glancing incidence, the reader is referred to the work of Ludwig 
[4] who, like Brown [6] and Zauderer [7 ], treats the problem for more general convex
scattering obstacles. Essentially Ludwig [5] obtains asymptotic expansions, to be used in
the integral under discussion, which are valid in a complete neighbourhood of the point 
of glancing incidence, A system of stretched coordinates is then introduced in [4] and 
the resulting integral is expressed as the sum of several integrals, each of which is examined 
as the boundary layers are crossed.
Finally a solution to the boundary value problem presented here could have been obtained 
directly in terms of the radial eigenfunctions which satisfy the prescribed boundary conditions 
on the circular tip, but care has to be taken to ensure the completeness of such a solution, 
(see Pflumm [13] ).
SECTION 1
When the electrom agnetic fie ld  in a homogeneous iso trop ic m edium  is excited by an in fin ite  
line source o f un ifo rm  strength, a tw o  dimensional scattering problem  arises i f  the e lectro ­
magnetic fie ld  is disturbed by a homogeneous iso trop ic body o f in f in ite  length situated 
parallel to  the line source.
Moreover, according to  the  theo ry  o f electromagnetism [8 ]  , the to ta l fie ld  at any p o in t, 
except a po in t on the line source, may be expressed as the sum o f tw o  independent fie lds 
provided the fie lds are no t coupled by boundary conditions.
I f  the  fie lds are assumed to  vary in tim e  according to  exp(iwt) and i f  the z  axis is 
taken to  be perpendicular to  the  tw o  dim ensional plane, where a polar coordinate system 
(r, 0) is adopted, one o f these fie lds is characterised by the scalar q u a n tity  Ez w h ich  
determ ines the fie ld
E =  (0, 0, Ez)
H .  , = 1 _  Mi.,Ml..' o l '
~  nopr 3 0 toop dr
and the o ther fie ld  is characterised by  the scalar q u a n tity  Hz w h ich  determ ines the  fie ld  
F ~ / / / 3 H? n .£ _ ( -—4— ------ ± 0 )
ic jer dd icoe dr
H -  ( 0t Gt Hz ).
Both scalar quantities satisfy the equation ■
1  h  + 4  + !<lu = -  —  1.r dr dr r2 3 02 r
where k 2 ~ oj2pe ;  p , e are the electrom agnetic constants o f the m edium  and 
(r. 0), (rQ . 60) denote the fie ld  p o in t and source p o in t respectively in the tw o  d im en­
sional plane.
Because o f the presence o f the scattering obstacle, the d iffe ren tia l equation 1.1 must be 
solved subject to  the electrom agnetic boundary cond itions w h ich  are to  be imposed at the 
interface o f the scattering obstacle and the surrounding medium.
v ,■
For the problem under discussion the geometry o f'the  scattering obstacle in the two 
dimensional plane is chosen such that the faces of the wedge, whose apex is removed, 
occupy the region 0 - 0  and 0 ~ a , r  >  a , where a is the radius of the
If the faces of the wedge are perfectly conducting the tangential component o f the 
electric field vector must vanish on them and this leads to the boundary condition
for the field characterised by hi2 .
The boundary condition 1.2 represents a sound soft condition, and the boundary condition 
1.3 represents a sound hard condition.
For an impedance boundary condition on the circular tip
where ?r and r 2 may be identified as (p)~l or ( e f 1 according to whether u 
is taken to be E z or H respectively. The suffix ( \ )  denotes the region r > a
and the sutfix (2 ) denotes the region r  <  a .
A solution to this boundary value problem is obtained by separating the variables and
extracting the 0 dependence of u(r, 0 ;  r 0 , 60) in a Fourier series which satisfies
the boundary.condition on the plane faces. This gives the following angular eigenfunction 
expansion —
circular tip.
u -  0 on 6 = 0  , a , r  >  a
for the field characterised by £, and
on 6 - 0 , o t , /* >  a 1.3
t  1 —  + t 2 u -  0 on r  = a 
dr
1.4
where
1.3
and en = 1 (n J  0)
‘ " . ‘ = 0  (n = 01
.6-
These angular eigenfunctions are known to form a complete set to the solutions of the 
differential equation 1.1. The upper term in parenthesis refers to the boundary condition 
1.2 and the lower term refers to the boundary, condition 1.3. Applying the integral trans­
form 1.6 to the differential equation 1,1, the differential equation satisfied by V (r; r 0, 0o) 
is then
+ JL + (k2
dr2 r  dr n
4
e rr
5 (r -  / o) * ? i inltO Q f a s---a
1.7
which has the solution
Vn (r: r 0, d0) -  A x H ^ f k r )  + B y H \ Vl (kr} for a <  r  <  r 0
(x a
1.8
= A 2 k lL  (kr) +B 2 H 2nv (kr) for r 0 <  r  ,
(X Oi
1.9
where the A's and B's are constants. The radiation condition fo r the time dependence 
exp(icot) , viz
Urn f 2 + ik Vn> / = 0 'r - » o o  dr n I
implies that A 2 is zero. The remaining three constants are determined from
(1) the impedance boundary condition 1.4 ,
(2) the continuity of V (r; r 0, 0o ) at r 0 ,
(3) the discontinuity of ~—- (r; r 0, 0o) by an amount
dr
f  . nn0o . n sm ——-
4 it 2_ J (X
r 0 a  | • n*°o .w COS IL a J
at r 0 .
A fter using the relevant wronskian relation the solution for a <  r  <  r () is obtained 
in the form
f  I f  sin nn0° *1
V„ ir; r „ , OJ  = - i  &  H i .  ( k r j  J H ‘ .  (kr) -  b , „  (ka) H ^ i k r A  "  I ,
“  —  I ~  oT a  M
J K Oi J
\ ' 'nit 
1 “
T\k h i l l  (ka) + t  2 h L  (ka)
where bnjj (ka) -  ex______ .__ <v__ _
• '  o i '  t 1!< H%f( (ka) + r 2 H2nn(ka)
1.10
1.11
It follows from equations 1.5 and 1.10 that the complete solution in the region 
a <  r  <  r 0 is .
for a <  r  <  r 0 . The upper sign refers to  the sound soft boundary condition 1.2 and 
the lower sign refers to the sound hard boundary condition 1.3.
Now the Ez and Hz components of the incident field also satisfy the differential 
equation 1.1 subject only to the radiation condition. The solution for this incident 
field is then
u(r, 0; r0, 60)
n =0 —a
Yen HL (kr0)
X
After using the trigonometric identities
and
where
the solution 1.12 may be written
x
~  / 7T H I  (k n) ,
where R ~ [ r 2 + r 2 — 2 rrQ cos (0  -  0o) ] /\
and so equation 1.16 gives the total field due to this incident field. On replacing
H} (z) by 2Jv (z) — H 2 (z) in equation 1.16 the non cylinder effect terms, that is
the terms which do not contain the factor 'a' , are identical with those obtained by
Oberhettinger [1 ]  for the wedge problem, apart from the factor ( —fir) which m ulti­
plies the above solution. This factor is present ‘here because our choice of incident field 
differs from that of Oberhettinger by precisely that amount.
The solution due to an incident plane wave is obtained by examining the incident field
1.17 when the source point ( r0, 0Q) is removed to infin ity. This determines the source
strength which must multiply the terms on the right hand side of equation 1.1. Therefore
letting r 0 -> 00 in 1.17 and using the asymptotic expansion for the Hankel function when
the argument is much greater than the order gives the incident field as
of equation 1.1 it is also present on the right hand side of equation 1.16 and also 
multiplies the incident field 1.17. Consequently letting r 0 -> in the equation 1.16 
we obtain the total field due to the incident plane wave exp [  ikr cos(d — 0o) J as
f( r0) exp [ i k r  cos (0 -  60) J ,
where f( rQ) -  - iT i  ( - ~ - ) % exp f - i  (kr0 -  ~ )  ) . 
7r/cr0
The desired source strength is [  f(r0) ]  1, for if this multiplies the right hand side
(cos — Li. + cos IFL&i) eXp (inn2 / 2 a )  . 1,
a a.
This solution is useful for small values o f ka but convergence is slow for large values 
of ka , and so when ka is large, further consideration must be given to the problem.
In order to obtain a suitable representation U(r, 0} when lea is large, the 
trigonometric identity
cosJ M i -  -+ c o s ™t> „  «»■ %  < « -* * >  7 c w f f  _ 21
et a  cos hit
is first used in the right hand side of equation 1.18. Then following the use of the 
Watson transformation, equation 1.18 may be replaced by an integral in the complex 
p. plane such- that
COS RF-(ct— (j)2) + COS-^~(OL~4>i}
U(r, 6) = j  Fun (ka, kr) exp(ijj'ir2/2cx)____ a 1 _______ “ ________ dp,
y + y + y  sin inr 2.2
i 2 3
SECTION 2 *
where (kaf kr) = (kr) -  b j k a )  H ^Jk r),
CX. ‘ CX CX CC
and the poles of the integrand enclosed by the contour are at p. = n(n -  1, 2 --- ).
Here y i is a straight line running from right to left just above the real positive axis 
and 72 is a straight line running from left to right just below the real positive axis.;.
7 3 is that part of the contour on the imaginary axis which is indented at the origin-
such as to exclude the origin from the poles p -  1, 2, — etc. It can be verified that
2ttI times the residues at the poles p -  /, 2  — etc., together w ith the contribution from
the pole at the origin as the radius of indentation shrinks to zero leads to the series in 
equation 1.18.
If we now change the sign of p when on contour of integration, the
relations
H-nn (z) ~ exp (ipn2/ot) Huln (z) and (z) -  exp (— fpw2/a) (z) , 2 .4
a  G! ' ~ a ~  CX
indicate that the integrand remains unchanged whilst 7 j changes to a straight line,
74 say, running from left to right just below the real negative axis. The contribution on 
the imaginary axis vanishes, and on writing -  v equation 2.2 may be written
COS v ( o l— (pi) +  cosvfOt~4>x)
U(r, 0) = - -  Fv (ka, kr) e x p / i v y / 2 ) ---------------------------------------------- d v , 2.5
2 o . sin a  v
- 1 0 -
where py4 + y x) changes to D under the change of variable, and D is a straight 
line running from ' left to right just below the real axis in the complex v- plane.
The remaining singularities o f the integrand are those of F (ka, kr) and from 2.3
and 1.11, with = v , these occur when
T1k H f i (k a )  + r 2 H /  (ka) -  0. 2.6
Denoting the order of the root v by vs (s 1, ?.t . . .  e t c ) it has been shown by
D.S. Jones [8J that when v$/ka is near unity equation 2.6 reduces to
A ! ( t s) + exp (~ in /3 )  (ka/2)1/3(r2/ r l k) A f i t J  -  0, 2.7
where
1/3
vg -  ka — (ka/2) . qxjd (—i-ir/3) ts . 2.8
Here Afiz), A - (z) denotes the A iry function and its derivative. Provided r  x is
2/3
not so small that r 1 (ka) = 0(ar2/ 2 1/3) equation 2.7 may be approximated by
A / ( t s) = 0, Z S
for which vs , given by equation 2.8, lies in the fourth quadrant.
Further, when v/ka is not near unity the distant zeros of equation 2.6 occur when
arg v ~  — tt/2 , also in the fourth quadrant. 2.10
Because of the symmetry poles also exist at v -  ~vs in the second quadrant. Further 
D may be closed by an infin ite semicircle in the lower half plane which captures the 
poles at v -  v$ , and provided the contribution on the infinite semicircle vanishes, the 
integral in equation 2.5 may be replaced by a residue summation over the poles at 
v = v . 2.11S
For — tt/2 + 8 <  arg v <  0 on the infinite semicircle, replace H* (z) by 
2Jv (z) -  H2v (z ) in the integrand of the Integra! in equation 2.5. The asymptotic 
expansions A.54 of appendix A indicate that there .will be no contribution within the 
range of values for argy  provided
exp (ivn/2) cos v ( a — fi) / /
________________________ j  -> 0 as / p /  co
sin a v
*11
where 0 takes the values 0j and 02 in turn. Since 02 is always less that a 
and 0 j may be greater than or less than a i t  can be deduced from 2.12 that the 
contribution on the infinite semicircle vanishes, within the range of values fo r arg p 
provided
With regard to the remaining values of arg v on the infinite -semicircle,
i.e. — 7r <  arg v <  — 7r/2 + 8 , replace (z) by [ 2 J _ v (z) — exp(-ivir) (z)] exp(-ivir) 
in the integrand of the integral in equation 2.5. The asymptotic expansions A.53 of 
appendix A then indicate, as before, that there w ill be no contribution on the infinite semi- . 
circle w ithin the range of values of arg v fo r values of 0 given by 2.13, 2.14 and 2.15.
Therefore from 2.11, the integral in equation 2.5 may be replaced by the residue series 
to give
(i) vr/2 <  0 <  a when 0 <  u 2.13
(ii) 0/ <  0 <  2a  — tt/2 when 0 >  a* , 2.14
where 0 0. 2.15
f i . 1 6
Tj k H \ ‘ (ka) 7- r 2 H y (ka) 
U(r, 0} =71  X  ____ s __ __ ___ H I  (kr)
.c
exp(iv$tt/2) c o s  ps ( c l  — <[)2) + exp ( iv i ( /2 )  cos i>s (a — <pi) , 2.17
sin a ip
where t x k i f f  (ka) + r 2 H2p (ka) = 0,
s s
and from 2.13, 2.14, 2,15 and 2.16
(i) 7f/2 <  0 2 <  CL
2.18
2.19
and (ii)' 7r/2 <  0 ! <  2 a —t t / 2  , 2.20
provided d A  0o 2.21
Now from equation 2.18 the value of r j or r 2 may be used in equation 2.17. 
The wronskian which arises in the numerator o f equation 2.17 can be evaluated 
explicitly and equation .2.17 may be written
provided r x or t2 is not zero.
A detailed examination of the convergence of this series w ill be withheld until a later 
section but for the time being it can be seen from 2.19, 2.20 and 2.21 that this solution 
is not valid in all regions. 2
When the boundary condition on the circular tip  (see 1,4) is relaxed to a sound soft or 
sound hard condition by putting r 3 or r 2 respectively equal to zero, equation 2.17 
can be compared w ith Mauliks result [2] (equation 2.19 of his paper). It can be seen 
that, apart from a constant, they agree if allowances are made for the difference in 
time dependence and if his point source solution is reconciled to the solution for a 
plane wave. The difference in time dependence is overcome by interchanging the first 
and second types of Hankel function, and the plane wave solution is obtained from 
the point source solution by removing the source point to in fin ity  in the prescribed, 
manner.
in view of statement 2.23 alternative equations fo r U(r, 0) may be obtained by 
judiciously using the trigonometric identity
cos v fa — (ji) -  i exp (— iv<p) sin v a + exp (— i v a )  cos v 0 2
in the integral of equation 2.5. in doing so an integral w ill be obtained which may 
be evaluated by the method of stationary phase to give incident and reflected fields 
as if calculated by the method o f geometrical optics. From purely physical consider­
ations, because of the reflection on at least one of the plane faces of the incident 
wave, more than one such integral w ill arise for some regions. To illustrate the point, . 
attention w ill be focused on the problem when
a >  7r and 0o >  a — n , 2
and it w ili become apparent that the analysis fo r other values of a and 60 may 
be similarly investigated. Returning to equation 2,5 and using the trigonometric 
identity 2.24 first for <p ~ <p2 and then for 0 -= q)2 r 0 i 8tves
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U(r, 0) = Vs j  Fv (ka, kr). exp (iu(n/2 — i\>2) ) dy
_L 
2
exp(- iva ) cos u 0o + cos v (a — 0 J
F (ka, kr) exp ( i u n /2 ) . --------------------------- :--------------------------- du
v sin a: u
and
U(r, 0) = V2 j Fv (ka, kr)  ^ exp (iu(n/2 -  <p2) ) + exp (iv(n/2 -  ( p j )  } du
j  Fv (ka, kr) exp ( iu (n /2  -  ex)) COS V 02 +  cos U 0! 
sin ex u
du .
Also, replacing 0 by (2<x — $) in the trigonometric identity 2.24 gives
cos v (oi —  <p) -  i e x p (—i v(2<x — <p))sin v ex + exp(—i v  ex) cos v ( 2 c x — (f>)
Then using 2.24 with 0 = 02 and 2.28 with 0 = 0 ! ,  it follows that equation 
2.5 may be written
U(r, 0) = Vz ‘ F (ka, kr)(exp (iu(n/2  — 02')) + exp (iv(n/2 -  2a + <pp))( du
cosu(b2 + cos v(2<x -  0 .)
Fv (ka, kr) exp (iu(n/2 — a ) ) .  ~ .  du .
sin ex u
In these representations for U(r, d) , valid in different regions as w ill be seen later, 
the integrals containing the factor (sin cxv)~l in the integrand may be evaluated as 
a residue series in the same way as fo r the integral of equation 2.5 which led to the 
residue series of equation 2.22. Bearing in mind that the infinite semicircle con­
tribution should vanish, equations 2.26, 2.27 and 2.29 may be replaced by
U(r, 6) ~ Yr |  Fp (ka, kr) exp (iu( ir/2 — 02) )  du
+ -L  Y 
ka s= 1
Fl2 (kr) exp (i un/2). [  exp (- iucx) cos u 6 2 + cos u (ex -- <px) J
du H2 (ka) \
V  1 U =  v
s/n a v
2.26
2.27
2.28
2.29
2.30
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where
(i) 7r/2 —  2a: <  <j)2 <  a
and ( ii)  tt/2 <  <  2 a  -- 7r/2 ,
U(r, 0) ~ Vi Fv (kar hr) )exp(iv(y/2 —fa)) + exp (iv(t t /2  — <px)) dv
1
where
f. 4[_ yt Hls (kr) exp (ivJit/2 — a)} [ c o s  vs </>2 + c o s  vQ (px[ 
ka " "  ”
d v  l H 2 (k a )  _
V v ~ v s
( i) 7r/2 — 2a <  <■/), <  a
arid ( ii)  ?r/2 — 2 (x  <  (py <  2cx — t t /2  ,
and
U(r, 0) = Vz |  F-(ka, kr) |exp (iv(tt/2 — (p2)) + exp(iv(tt/2 — 2 a  + |
w h e re
.7; f/2 (/<■> expfiv (y/2 — a)). [cos v <p2 + cos v (2cx — <pl) ]
+—  2
sin a va
v =  vs
( i) tt/2 — 2 a <  02 Y a
and (ii) 7r/2 < (pi < 4a — 7r/2
it  will be seen in the next section that the representations 2.22, 2.30, 2.33 and 2.36 
for U(r, 0) are sufficient for an analysis of the case under discussion (see 2.25). The 
residue series in each equation will be examined for convergence and the integrals will 
be evaluated by the method of stationary phase.
2.31
2.32
2.33
2.34
2.35
2.36
2.37
2.38
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In this section the infinite series in equations 2.22, 2.30, 2.33 and 2.36 of the previous 
section will be examined for absolute convergence and the behaviour of the leading terms 
will be investigated. Since ka is large this is formally carried out by choosing the 
appropriate asymptotic expansions for the Hankei functions in equation 2.18. This 
determines the value of the root vs which is subsequently used in the investigation of 
the s tn  term of the series. First a detailed nature of the behaviour of the root v  as
s -> oo is required and following the precedur'e of D. S. Cohen [9] the asymptotic 
expansions A.47 and A.48 of appendix A for / v />  ka are used in equation 2.18.
This gives
SECTION 3
Tan h ( v hi (-^L. 
s ka e ) +
IE  ) = 
4 '
ar2 as / V j 3.1
Unless ar2/ r 1 is extremely large, equation 3.1 may be approximated by
tan h ( v In —~s + ) = 0 as /v  /  °° .•s kae 4 s
3.:
A. solution to equation 3.2 is obtained by writing
vs = /vs /  exp (-i  arg v j 3.3
in equation 3.2 and equating real and imaginary parts. In the manner of D.G. Magiros 
and J..B. Keller [3], or D.S. Cohen [9], this leads to the results
arg v$ ^
1
1 Inf )
ka
1.4
and
(S + A)ir
,n [ 2JS_LM£;
ka
as / i f  /  oo 3.5
- 1 6 -
Consequently from equation 3.3
v.c “
(S + A) i t exp
ka
—/ 7T 1 - 1
-■
2 In r  2(S -r A) It
ka In [ 2 J S + 3 + ]
ka J ~l
and this is the nature of the root indicated in 2.10. The absolute convergence of 
the series under discussion follows on using this value of ■ if together with the 
asymptotic expansions A.47"and A.48 of appendix A, to examine the series. For 
the series in equation 2.22 the results B.6 and B.7 of appendix B, where = ir/2,
d2 ~ ct, 6*3 = 02/ 4>i and 04 ~ a, confirm absolute convergence for the values 
of 02 and 0i given by 2.19 and 2.20. Similarly, by choosing the O.fi « /,2,3,4) 
appropriately the series in equations 2.30, 2.33 and 2.36 can be shown to converge 
absolutely for the values of 02 and 0 ] given by 2.31, 2.32; 2.34, 2.35; and
2.37, 2.38 respectively.
With respect to the leading terms of the series the root v$ is obtained by substituting 
in equation 2.18 the asymptotic expansion A.32 and A.33 of appendix A.
This gives rise to equation 2.7 of the previous section and consequently to the 
root vs given by equations 2.3 and 2.9. The leading terms of each series are invest­
igated using this value of v$ , which is such that vjka  is near unity, together with 
the asymptotic expansions A. 32 and A.33 of appendix A for the Hankei functions of 
argument ka. For the Hankei functions of argument kr we use the asymptotic 
expansion A. 16 of appendix A which from A.36 is valid except when 
/v ~ kr/ = 0 [ (kr/2) 1/3 J .
For v/ka near unity this asymptotic expansion may be written
H2p(kr) 'v (2/irk)1/i (r2 -- a2 }~y* exp[—ifk (r2 — a2 )y* ~v  cos~l a/r — tt/4 /j
provided r/a -  1 > (ka)~2/3 f 8 , where 6 is an arbitrary positive constant.
Therefore consider first the series in equation 2.22. of the previous section. Following 
the above suggestions this equation may be written
U(r, 0 )  ~  -  e x p  'k / I  2 )  (  a )A ( J - )1?6 e x P i~ i  !< (r2 — a 2 ) A )  
2 7r ka (r2 — a 2 ) A
X  2 e x p  ( i  ( n/2 + c o s  1 a / r )  )  c o s  v f i a  — <p2 )  + c o s  v  . ( a  ~  (pl )
1 [Ai ( t )] 2-L  [ J l LLL.j sin a us
s dt A i ( t ) t=t
U(r, 0) -  1/2 Fv(ka, kr) exp (i v(n/2 — <p2) ) du 
* o
+ 1 exP (—fir A 2) / JL\ (JL i1/6 exp(—ik(r2 — a2 )A) 
2 7T ka (r2 — a2 )Vl
3.8
where v$ is given by equations 2.8 and 2.9. The vaiue of t$ from equation 2.9 
is given by D.S. Jones [8 ] and it is seen that f is always negative and becomes 
negatively large with increasing s. Therefore for v given by equation 2.8 the 
terms in the series of equation 3.8 decrease exponentially with increasing s for
rr/2  + cos"1 a/r < <j>l < 2a  — (n/2 + cos1 a/r) 3.9
and 7r/2  7- cos"1 a/r <  % < 2a -  (n/2 + cos"1 a/r) . 3.10
The series in equations 2.30, 2.33 and 2.36 may be treated in the same manner and 
then equation 2.30 becomes
X e x p  (i vs ( n / 2  + cos" 1 a/r)) e x p ( - i v a )  c o s  vs 02 + c o s  p s ( a  -  <p x)
S=1 [Ai(tJ] _b
d t
r A i ' ( t )  i 
A i ( i )
sin a v J.11
t =t,
where the terms in the series decrease exponentially with increasing s for 
7r/2 + c o s " 1 a / r  <  0 , <  2a — ( n / 2  + c o s" 1 a /r )
and (tt/2  + c o s ' 1 a / r )  -  2 a  <  .02 <  2 a  ~ ( n /2  + c o s ~ l a / r  ). 3.13
ft. IQ.
Similarly equation 2.33 becomes
U(r, Q) -  Vz f Fv (ka, kr) exp (iv(y/2 ~ <p2)) dv + V [ Fp (ka, kr) exp (iv(ir/2 ~  <p j i  di 
jd 'o
+ i  e x p ( — i  n /1 2 )  ( E L ) 1/j / 2  j  1/ s  e x p ( — i k ( r 2 — a 2 ) J i )
(r2 — a2/
expfivjir/2 + cos"1 exp(~iv a) cos v <p2 + exp(—iv <x) cos v ©,X 2  —   ----- --------------- '— --------- £----------s— ------ —'--- 1--------- f—L 3 14
dt A,(t)
where the terms in the'series decrease exponentially with increasing s for
(y/2 + cos1 a/r) — 2a <  <p1 <  2a — (y/2 + cos1 a/r) 3.15
and (tt/2 + cos'1 a/fy -  2 a < <p2 < 2 a -  frr/2 V- cos" 1 a/r). 3.16
•V*
Finally equation 2.36 becomes
U(r', 0) = % j  Fjj(ka, kr) exp(iv(y/2 — <j>2))dv  + Fv(ka, kr) exp(iv (y /2—2a + <pi))di
+ iexp(—iy/V2)  ^ a j 'A (_2_ ji/6 exp (~ik(r2 — a2)A) 
2  tx ka (r 2 _ g2 }%
explivjitn  + cos" a/r)) exPfD  a> cos vs + exP v a > cos v,
X  S' ~ [ L ( t J P  Y  [ M E M )  • ■ Sinav* 3.17
5 dt
where the terms in the series decrease exponentially with increasing s for
(y/2 + cos1 a/r) <  <f>l < 4a — (y/2 t cos1 a/r) 3.18
and (y/2 + cos '1 a/r) — 2a <  (f>2 <  2a — (y/2 T cos"1 a/r) . 3.19
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c
o
In order to discuss the physical significance of the terms appearing in equations 3.8,
3.11, 3.14 and 3.17, first consider the integrals which arise in equations 3.11,
3.14 and 3.17. These are of the form I say,.where
I r  Vz Fv (ka, kr) exp(i v(tc/2 — \p)) c/p , Y  > O , 
o
and 0 takes the values (j>lt 02 and 2a ~ <j>1 . As a matter of convenience 
this integral will henceforth be referred to as the '0 ' integral.
It can be .expressed (see appendix C) as an integral along the positive real axis in 
the form
OO
I = J A (ka, kr) exp(i v tt/2/ c o s  v 0  dv f y  > O .
The functions of A (k a , k r )  in the integrand may be replaced by their asymptotic 
expansions for appropriate values of v and the resulting Integra! evaluated using 
asymptotic methods (see appendix C). From the results C.59, C.60 and C.61 it is 
seen that in the illuminated region
0  <  0  <  ( 7t / 2  + c o s 1 a / r  ),
excluding the penumbra region
0 — tt/2 — c o s ' 1 a / r  ~ Of ( k a / 2 ) ~ 1/3 ] , 
the method of stationary phase gives the contribution
1 A/ expfikr cos 0 / - (  f  - _ J A ( Fix "JDJSA  ) exp (-k(x + d))
x 2 o  c3? 2 r  i r x k x
Also excluded from the analysis is the transition region between the forward and
backward half spaces, and the region of glancing incidence on the cylinder (see C.62
and C.63 of appendix C.).
Expression 3.24 has been.interpreted geometrically by D.S. Jones [8 ] and the first 
term on the left represents a plane wave propagating from left to right. This is 
incident on the cylinder r  = a  and the second term gives a reflected wave as if 
calculated by the method of geometrical optics. Here x '  is the abscissa of a 
point of reflection on the cylinder relative to the axis of the incident field and d is
3 .2 0
3.21
3.22
3.23
3.24
the distance from the point of reflection to the point of observation {see figure 1).
Therefore the ' 0 ' integral 3.20.represents a geometrical optics field, and since the 
total field can be represented as the sum of a geometrical optics field and a diffracted
field (see J.B. Keller [10]) it remains to determine the nature of the diffracted field
for this problem.
Secondly,from the geometrical theory of diffractionrthe diffracted field at a point 
P is the sum of the fields on all diffracted rays passing through P and these 
diffracted rays arise from those incident rays which are tangent to the circular caustic.
At the point of tangency the incident ray splits into two parts.
One part continues as an ordinary ray unaffected by the caustic and the other part 
travels along the caustic as a surface ray. At each point of the caustic the surface 
ray splits into two parts. One part continues along the caustic surface and the other 
part leaves the surface, along the tangent to the surface ray, as a diffracted ray.
Because of the presence of the plane faces 6 = 0 ,  a in this problem,the incident 
rays can arise in three distinct ways for the case under discussion {see 2.25). In each 
case there are only two points of tangency and without loss of generality in mathematical 
ideas, attention will be focused on the problem when
60 <  7r/2 (see figure 2). 3.25
Here the direct incident field gives rise to one point of tangency and the field reflected
by the plane 6 = 0  gives rise to the other. Therefore two distinct surface rays arise 
and because of the multiple reflections at 0 = 0, a each surface ray provides an 
infinite family of clockwise diffracted rays and an infinite family of anticlockwise 
diffracted rays which pass through the point P. In all this gives four families of 
diffracted rays passing through the point P. Let the surface ray which provides the 
first member of any one of these families travel a distance T  on the caustic. There­
after, because of multiple reflections, the surface ray which provides the nt,: member
of the family will travel a distance (i 7- 2n a a) on the caustic. From B.R. Levy and 
J.B. Keller [11], or D.G. Magiros and J.B. Keller [3], the field on the nth member 
of any one family is given by
£  d 2 exp[(—ik + &)(/  + 2 n aa ) ]  d'* ' s . 5
3.23

Here Ds is the diffraction coefficient for the s th mode given by
2 a2 7/6 1
DS =-exp(~min) (— — )-------    yrrrr-.------
2 n k  [ A U t ' i P  1s 3 f A i( t )  t=ts
and (xs is the decay constant for the s th mode given by
a  = e x p ( i n i Q )  ( k / 2 a 2 ) 1/3 t g ,
where ts is given by equation 2.7.
Also d is the distance along the diffracted ray from the point where it ieaves 
the caustic to the point P. Clearly
d ~ (r2 — a2) y* .
Further, the diffracted field at P due to any one family involves a summation 
of expression 3.26 over the values n = 0 to /?=«>, Using equation 2.8 for 
v and explicitly making this summation, the diffracted field for the family is
ex^UkdJS exp/r'V n ~ ' 2 2
dA s 2i sin vs a
Also, associated with the typical diffracted field 3.30 will be a refiectiori coefficient 
which takes a specific value depending on the boundary conditions on the plane 
faces and on whether or not the caustic arc length / for the first member of the 
family encompasses reflection at the plane faces. This reflection coefficient takes 
the value (—1) when the sound soft condition 1.2 holds on the plane faces, and 
the value (+1) when the sound hard condition 1.3 holds on the plane faces.
Equipped with the diffracted field for a typical family of diffracted rays given by
3.30 and a typical geometrical optics 0 field.given by 3.24 the terms of the series 
in equations 3.8, 3.11, 3.14 and 3.17 can be identified as foiiows.
Consider first equation 3.8. This equation does not contain a 0 integral which
gives a geometrical optics field and so the series must be valid in the shadow 
region which is common to the direct incident, field and the incident field 
reflected by the plane 0 ~ 0. This is seen in figure 2 , region I, and it is easily 
verified that conditions 3.9 and 3.10 are satisfied in this region. From figure 
3, the caustic arc lengths for the four types of diffracted rays received in this 
region are
RA = a((j> 2 — y/2 — cos"1 a/r)
= i i say,
RAB ~ a(2<x — <pl — y/2 — cos"1 a/r)
= /2 say ,
QRA ~ a((j)l — y/2 — cos"1 a/r)
= / 3 say,
and QRAB ~ a(2a — 02 — y/2 — cos"1 a/r)
= u say.
Here R is the point of tangency of the direct incident field, Q is the point of
tangency of the incident field reflected by the plane 0 = 0 ,  and A, 13 are the
points on the caustic where the typical diffracted rays AP and BEP leave the 
caustic. • Therefore using 3.30 four times, with the appropriate choice of reflection
coefficient each time, the total diffracted field in this region is
TFBtLDlL £ (exp(—iv j  /a) + exp(-ivl/a) T- exp(-iv /0/a) + exp(ir!/a)
d ' s 2i sin v a u 7 5,4 s * s q
where the upper sign is to be taken for the sound soft boundary condition on the 
plane faces and the lower sign for the sound hard boundary condition on the plane 
faces.
For D2 given by equation 3.27 and d given by equation 3.29, the series 3.31 
with the above values of /x , l2 , /  ^ and /4 is identical to the series in equation 
3.8. Therefore equation 3.8 gives the total diffracted field in region I, figure 2, 
as if calculated by the geometrical theory of diffraction.
3.31
f  \
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figure 3
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0 = 0
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figure 4
Secondly consider equation 3.11. Putting 0 = 02 3.20, 3.22, 3.23, 3.24
and the ensuing analysis, the '0 2' integral in equation 3.11 supplies the
geometrical optics ‘q>2' field in the illuminated region
0 < 02 <  vl? + cos"1 a/r
which excludes the penumbra region
02 — it/2 ~  cos' 1 a/r = 0 [ (ka/2)~,/3 ]. •
The illuminated region of this '<p2r field can also contain the illuminated regions 
arising from the fields reflected by the planes 6 = 0, a. But where this is the 
case one would expect more than one integral of the type 3.20 to arise. This is 
not the case in equation 3.11 and therefore we confine our attention to the 
region which is illuminated only by the '02' field. This is seen in figure 2, •
region II, although the penumbra regions are not shown, and it is easily verified
that conditions 3.12 and 3.13 are satisfied in this region. From figure 4 the caustic 
arc lengths for four typical diffracted rays received in this region are
RACARBQDQB = a(2a + <p2 — n/2 — cos"} a/r)
= lx say;
RAC A = a (2a — <px — n/2 — cos"1 a/r)
■“ /2 say,
OB = c/0! — nil — cos~la/r)
= /3 say,
and QBRACA -  a(2a — 02 -  tt/2 — cos'1 a/r)
= /4 say.
Here A, B are points on the caustic where the typical diffracted rays AP and BP
leave the caustic and D,C are points on the caustic at 0 = 0,a where the surface
rays are multiply reflected.
For these values of l lf l2, /3 and /4 the series 3.31 is identical to the series in 
equation 3.11 and therefore the series in equation 3.11 supplies the total diffracted 
field in region IS, figure 2, as if calculated by the geometrical theory of diffraction.
3.32
3.33
Also depicted in figure 4 is a typical geometrical optics ray path for the '02' field. 
The direct ray FG incident on the cylinder at G gives rise to the reflected ray 
GP. In addition there is the incident ray FP.
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Thirdly consider equation 3.14. The '0 2 ' integral has already been seen to supply 
the geometrical optics '02' field. A similar analysis indicates that the '0 /  
integral supplies the geometrical optics '0 /  field in the illuminated region
0 <  0 ! <  tt/2 + cos"1 a/r
excluding the penumbra region
0 ! — tt/2 — cos"1 a/r ~ 0 [ (ka/2)~ 1/3J .
Clearly this '0X' tieid arises from reflection at the plane facq 6 - 0  of the 
'02' field and since only '0 2' and '0 /  integrals appear in equation 3.14 we 
seek that region which is illuminated only by the '0 /  and '0 /  fields. This 
is seen in figure 2, region ill, although the penumbra region is not shown and it 
is easily verified that conditions 3.15 and 3.16 are satisfied in this region. From 
figure 5 the caustic arc lengths for four typical diffracted rays received in this 
region are
RCRAB = a(2a — 02 — 7r/2 — cos'1 a/r)
= Ii say;
RCRA = a(2a — — ?r/2 — cos'1 a/r)
= /2 say,
QBARCRAB = a (2a + — it 12 — cos'1 a/r)
= / 3 say,
and QBARCRA = a (2a + 02 — t t / 2  — nos'1 a/r)
= /4 say.
Here A, B are points on the caustic where typical diffracted rays AP and BEP 
.leave the caustic. For these values of /[, l2/ / 3 and /4 the series 3.31 is identical 
to the series in equation 3.14 and therefore the series in equation 3.14 supplies the 
total diffracted field in region ill, figure 2, as if calculated by the geometrical theory 
of diffraction. Also depicted in figure 5 is a typical geometrical optics ray path 
for the '02' field which has already been explained (see considerations for equation 
3.11), and a typical geometrical optics ray path for the '0 , ' field. For the '0 /  
field if F H '  denote the images of F, H with respect to the plane 6 -  0 ,  the 
direct image ray F'H' incident on the cylinder at H' gives rise to the reflected 
image ray H'LP. This is clearly equivalent to the direct ray FH incident on the- 
cylinder at H which gives rise to the reflected ray HLP. In addition there is 
the incident image ray F'KP which is equivalent to the incident ray KP arising 
from reflection at the plane 0 - 0  of the incident ray FK.
3.34
3.35
figure 5
figure 6
Finally consider equation 3.17. The '0 /  integral in this equation has been 
seen to supply the geometrical optics '02' field. In a similar manner the ' 
'2a — V  integral supplies the geometrical optics '2a'-- 0 /  field in the 
illuminated region
0 < 2a — <fix <  ?r/2 7- cos"1 a/r 
excluding the penumbra region
2 a — 0j — tt/2 — cos"1 a/r -- 0 [ (ka/2)~ 1/3j  .
This ‘2a — ' field arises from reflection at the plane <9 = a of the '02'
field and since only '02' and '2a — 0X' integrals appear in equation 3.17 
we seek that region which is illuminated only by the '02' and '2a — 0 /  
fields. This is seen in figure 2, region IV, although the penumbra region is not 
shown and it is easily verified that conditions 3.13 and 3.19 are satisfied in this 
region. With respect to ihe series in this equation an analysis similar to.that 
given when considering the series in equations 3.8, 3.11 and 3.14 indicates that 
it supplies the total diffracted fieiri in region IV, figure 2, as if calculated by 
the geometrical theory of diffraction.
Throughout the analysis for the diffracted field the asymptotic expansion 3.7 
has been employed and this is valid only when (r/a — 1) > (ka/2)~2'3 * 6. 
Also from the analysis of appendix C this restriction is imposed at the points 
of glancing incidence on the cylinder in order to obtain the geometrical optics 
contribution from the integrals. Therefore, besides having to determine the field 
in the penumbra regions when this condition is satisfied, it remains to determine 
the field near the caustic where this condition is violated, in particular at the 
points of glancing incidence.
SECTION 4
For the fields in the penumbra regions, where the geometrical optics analysis breaks 
down, we turn to equations 3.11, 3.14 and 3,17 and replace the appropriate 
integrals, which are of the type given by equation C.1, by the relevant expressions 
C.92 or C.101 of appendix C, using the appropriate values of 0 and z. Expression
C.92 is suitable for an observer situated in the near penumbra region (see C.95) and 
expression C.101 is suitable for an observer situated in the far penumbra region 
(see C.96).
In particular, from 3.33, the field in the penumbra region
(see region B, figure 6) is obtained from equation 3.11 by writing down the '02' 
integral of this equation using expressions C.92 and C.101, with 0 replaced by 
02 and z replaced by (~r cos 02A Therefore from C.95 the field in that part 
of the penumbra region 4.1 where
is, from C.92 with z„ 7?, |  and r  expressed explicitly in terms of 02 and r,
02 — 7r/2 — cos 1 a/r = 0[(ka/2) 1/3 3
a(kal2) 1/3+e <  (—r cos <p2) < a(ka/2)1/3 4.2
xrir, 0) = exp jik rc o s j^ l  + exp(i kr cos h  + + if/2 -
(—2n kr cos 02}
X Hx [cos'1 a/r + n/2 -  <p2)(ka/2)1/3, (ka/2)1/s / ( - 2 kr cos 02 )'/j J
,7
L e x p ( - i n l W )  ( _a_ , , 2 _  . 7/■$ e x p [ - i k ( r 2 -  a 2 ) ’A j  
2  * 7r k a  ( r2 — a 2 ) *
exp(ivs ( n /2  + cos 1 a/r)) _ exp{-iv$ a ) cos vs 02 + c o s  vs ( a  -  0 J
4.3
where Hl fy,YJ and /72 fy, Y] are given by equations C.81 and C.82 and 
K [ t]  is the Fresnel integral, given by equation C.90, which depicts the shadow 
boundary effect
It may happen for the case under discussion, which from 2.25 and 3.25 is 
a — y <  0o < 7t/2, that r cannot be large in the penumbra region 4.1 
because of the presence of the plane face 0 = a which could reflect the 
'02' field in this region before r is large. Certainly by taking the limiting 
case in the penumbra region such that the observer (r,Q) is situated on the 
face 0 = <x it follows from 1.15 and 4.2 that if
then r will not be large in the penumbra region 4.1. The solution 4.3 alone, 
then describes the field in this region.
On the other hand, from C.94 with z in terms of 02 and r, it follows 
for the limiting case that if
then r is large in the penumbra region 4.1. When this is the case the '02' 
integral in equation 3.11 must be replaced by expression C.101. Consequently 
from C.96 the field in that part of the penumbra region 4.1 where
U(r,0) = expfikr cos ip2) — e x p U M  ± h M  [
( 7  TT kr)  4  //< rr  — I - f- / h .  I
a(ka/2) 1/3+e <  —r cos (a— 60) < a(ka/2)1/3 4.4
r cos (a. — 90) = a Of (ka/2)1/3J 4.5
— ( y  — 0 2 )  + a/r = 0[ (ka/2) 1/3 ] 4.6
and r is large,is
exp (—ikr + i y/A)
tO tr Isrll2(2 y kr)k
(ka exp(—iy)/2)7/3 expfi ka(y — (p2)J
X Hl f(y—cp2)(ka/2)1/3,0] + H2[(y — tf>2)(ka/2)ir
_]f i exp(—i 7r/12/ / a ■ ,2_ ,1/6 exp[—ik (r —a2fA] 
• 2 7r ka (r2 — a2)'yl
x  y.
exp(i v (tt/2 7- cos 1 a/r)'
S'   .........  ^ e x p ( — i  p$ a.) c o s  p 0 o + pk (<x  —
dt Ai( t ) t=t
S
sin a pc
4.7
In the solutions 4.3 and 4.7, which are valid in different parts of the penumbra 
region under discussion, the diffracted field series which was discussed in the 
previous section may be neglected on account of the strong attenuation of the 
modes. According to D.S. Jones, the error in doing so is C { e x p [ —k a / 2 ) 1/3] }  
and this is obtained by examining the attenuating factor in the series when v$ 
is replaced by its value 2.8/
Similarly, from 3.35, the field in the penumbra region
(see region A, figure 6) is obtained from equation 3.14 by treating the '0 /  
integral of this equation in the same way as for the *02' integral of equation
3.11, which has just been consdiered. Here the question of r  not becoming 
large does not arise because the '0 /  field is not reflected at. the plane 0 = a, 
and so we obtain
0 i  — t t /2  — c o s  1a / r  ~  0 [ ( k a / 2 )  1/3J 4.8
U (r , 6 )  -  Vz Fv ( k a ,  k r )  e x p ( i  v ( ir /2  — <j)2 ) )  d p
D
+ expU krcos^i + exp/i kr cos ^  i m j  K[(cos-i a/r + ■hr c o s  0 , i
7r
e x p ( i  k r  c o s  0 i + i  i r /4 )-  (ka exp (—i n)/2)1/3 exp[ i-LSFL&i (cos i a/r + ?r/2 _  ) 1 ]
(— 2 ti k r  c o s  0 ! ) Vs
X  [ / /  [(cos'1 a/r + tt/2 — (j>1)(ka/2)1/3, (ka/2)1/3 /  (—2kr cos 0fy h J
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a(ka/2)~1/3+G <  (—rcoscpfi, < a(ka/2)1/3.
The diffracted ‘field series of equation 3.14 has been neglected for reasons already 
given and the '02' integral supplies the geometrical optics '02' field in the 
region.
Also, when r is large in the penumbra region 4.8 such that 
—(y — 0fy 7- a/r = Of (ka/2)~ 1/3] ,
we have
in that pari of the penumbra region 4.8 where
U(r, 0) = Vs |  Fp(ka, kr) exp(i v(y/2 -  (p2)) dv
exp(i kr cos 6.) -  m t i l S L l i l E l  [ ~ <>xLzl + expOkatw^pp
( 2 n  k r ) "  i f i t - p , )  i ( i r  +  p , )
exp(— ikr + i y/A) 
(2 y kr)Yi (ka exp(—iy)/2)1/3 exp fika (y — 0 j)]
X H\ f ( y — <pl )(ka/2)1/3, 0] + H2 f  h  — 4>x)(ka/2)1/3f Of]
the diffracted field series being neglected as before.
Finally, from 3.37 we obtain the field in the penumbra region
2 a  — 07 — y / 2  — c o s " 1 a / r  = Of( k a / 2 ) ~  1/3J  ,
using equation 3.17. Clearly when 9 a in this region both integrals of equation 
3.17 must be treated the same for then the observer is also situated in the penumbra 
region 4.1 (see region C, figure 6). When 0 is not near .a in the region the 
[02' integral of equation 3.17 supplies the- geometrical optics ‘<p2' field (see region 
D, figure 6). The diffracted field series in equation 3.17 will be neglected for 
reasons already given and as before the question arises of determining whether or
4.10
4.11
1
4.12
4.13
not r will be large in these regions, although it will eventually be large in the 
penumbra region 4.13. Certainly if condition 4.4 is satisfied when 6 «  a in 
the region then r is not large and the '02' integral takes the same form as 
in equation 4.3, with a similar expression for the '{?^ a — <pxY integral. There­
fore from equation 3.17
X  JTri [(cos1 a / r  + tt/2 — 2 x) ( k a / 2 ) 1/3,  (k a / 2 ) 1/3 / (—2 kr cos 2
and condition 4.2 is satisfied, (see region C, figure 6 ).
On the other hand if condition 4.5 is satisfied when 0 & a, then r is iarge in 
the penumbra regions 4.1 and 4.13 and the '02' integral takes the same form as in 
equation 4.7 with a similar expression for the '2a —0 /  integral. Then from equation
U(r, 0) = oxp'i-^cos <■:> + expUkrcos^2 + K[(c0- lg/r + m _ ^ }^ k r c jp sJ ,^ }
exp(i kr cos <p2 + i n/A) 
(— 2n kr cos <p2)y*
X  |~H1 [(cos 1 a/r + n/2 — 02) (ka/2)1/3, (ka/2)1/3/(—2 kr cos </>2)y* ]
+ H2 [(cos'1 a/r + tt/2 — 02 / (ka/2)1/3, (ka/2)1/3/(—2 kr cos 02 )A /J
7r
expfikr cos 2 cJ 2 px +j 77/4). (ka exp (—i n)/2)l /3 
(— 2 7r kr cos 2<xd2<p1 )A e x p [ -
ikr cos 201— 0 , (cos 1 a/r + n/2.
-  2Gp01/,2y
+ H2[ (cos 1 a/r + n/2 — 2a—<pl)(ka/2)1/3, (ka/2)1/3/(~ 2kr  cos 2ccL'<pl)1/*]\ 4.14
in the penumbra regions 4.1 and 4.13 when
a ( k a / 2 )  1?3+ c  <  ( — r  cos 2 a — <px )  <  a  ( k a / 2 ) 1 /3 , 4.15
3.17
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o
U(r,g) = expo kr cos 0,) -  S*EKkr+J i B l  [ +^ E J l ± h t ±  )
(2 it kr)'3 i(-n — fa) ifa + fa )
FFPJfaliJ' Elfil (i<a exp (—hr) /2)1/3 expfi ka(ir -  fa )] 
(2irkr)'3
X \ hJ ( v -  ^)fka/2)1/3.0] +
 , expf-ikr + i ttI4! r expfikafn - 2 a — <p,)l— 1exp(i kr cos 2a — 6, — —fa     /   -----------
1 (2itkr)h ^
exp (il<a (it + 2a—® x ))-
i(7T + 2a — <(> fa
— exP( 1 kr + ' 70/4) (ka exp(—iir)/2)1/3. exp[ika(ir — 2cT—~'(j)t )]
f ,  (2 7r kr)x
X  \H i [ h - 2 o Z l 1)(ka/2)u3,0] + -  2 '7 f a l )(ka/2)'/3,0]]
when r is large in the penumbra regions 4.1 and 4.13,and in addition to condition
4.6 being satisfied we also have
-  (it — 2a -  lj) fa + a/r = 0[(ka/2)~ 1/3] . 4.17
4.16
(see region C, figure 6 when r is large}
For that part of the penumbra region 4,13 where 0 is not near a and the '02' 
integral in equation 3.17 supplies the geometrical optics '02# field, the solution is
Ufa d) -  Vz j* Fp (ka, kr) exp(iv(irl2 — fa)) dv
expfikreos2 M J -  expHJfahrMl( e j q o O k ^ X f a ^ J Y i
(2* kr/- i h - 2 ^ J
, exp(ika(ir+2a—<i>l ))— 1}~r--------------------  J
i(ir + 2 a — (j}1)
‘ —Fj l l/tJ.Elfa} (i<a eXp fa;n)/2)da_ expfy;<a fa _  2o-fa> )] 
(2-nkrr
X  [«, ((n -  S c E D , )(ka/2)1/3,0] -/■ H2 [(it - 0/] 4.18
when r is large and when condition 4.17 is satisfied. If condition 4.15 is satisfied 
then r is not large and
U(rf 0) = Vs |  Fv(ka, kr) exp(iv(y!2 -  <p2))dv
D
+ ELPOpcos2*= ± i ± l l ! * L  K[cofla/r + v/2 
^ >2 ^
J"~ kr cos 2a — ‘Y j 'Y
exp/Zfa; c o s j o ^ + j j W  (ka exp(-h<
(—2n kr cos 2a — 0X)
(cos 1 a/r + y/2 — 2a ~ <pj ]
X  [}/j /(cos 1 a/r 7- tt/2 — 2a —Ip x) (ka/2)1/3, (ka/2)1/3/(—2kr cos 2a -  (pi)’A]
7■ H2[(c o s"1 a/r + y/2 — 2 a — <px)(ka/2)1/3, (ka/2)1/3/(—2 kr cos 2 a — (pJ^Jj 4.19
Finally the possibility of an observer being situated in both the penurnbra regions 
4.8 and 4.13 must be considered. To do this an equation of the type 2.27 say must 
be obtained, which exhibits the geometrical optics 'ip! ' integral in addition to the 
geometrical optics '2a — ' integral. Using equation 2.24 through equation 2.27
with (p replaced by {a — <px), gives the required equation
U{r, 6) = 1A f Fv (ka, kr) exp(iv(y/2 — (p2))du + % f F (ka, kr) exp(iv(y/2 -  <px))dv
D 77
+ f Fv (><a' kr) exp(iv(y/2 — 2 a — <P t)) dv
n
—/ f -n „ ; i /• / ^ M cos .w 02 ■•+ exp(-iva) cos v(a— 0j 9 . . on—  F (ka, kr) exofiv (y/2 -  a}). ...............  -.......—-'-------------—  c/y. 4.20
2  J  v . r ' s in  v  a
D
Then, when conditions 4.8 and 4.13 are satisfied simultaneously,
/  0! -  a /  = 0[(ka/2)~1/3J ,  ^ 4,21
and for this to- be true in the penumbra regions 4.8 and 4.13 it follows that
a — tt /2  -  cos'1 a/r = 0[(ka/2) ~1/3]. 4.22
For the case under discussion, condition 4.22 can only be satisfied when r is large 
and a- is near i t  , and consequently conditions 4.11 and 4.17 are satisfied when 
this is the case. Therefore, using expression C.101 for the '0 /  and '2a — 0 /  
integrals in equation 4.20, and neglecting the contribution from the last integral 
which can be- expressed as a residue series representing the diffracted field as before, 
we obtain
U(r, 0) = V2 |  F (ka, kr) exp(i u (n/2 -  02// du
exodkr cos 6 ) -  exP(~ikr t ‘ ll/L r exp(ika(n -  qf))-7 + exp(i ka(n+<pl )) ~ 1 , 
1 (2 n kr)'6 i(n — <p-J f(n + <pl )
eXP(2nJ jpr ~~~'~ ^  exp(~‘ 7T^ 2P/3 expf/ka(n -  d f j
'X [Hi [(* ~ <p\)(ka/2)1/3, 0] + H2[(n -  0X)(ka/2)1/3, 0]} 1
~axp(i kr cos 2 c £ *  x) -  f  .**>(/**(* -  f « z _ t x l L z l
(2 n k r r i ( n  — 2 a — 0 x)
+ exP(‘ ka('n + 2a — 0!)) — 1 ? 
i(n + 2a'FT(/>l)
GXp[ (fa exp(- in)/2)1/3 exp[ika(n -  2a -  0 ,)]
(2n kr)'2
X  ^f/j/TVr— 2 a — >(p1) ( k a / 2 ) 7/3, 0] + hi2 [(n — 2 a — (pl ) ( k a / 2 ) 1/3,  Q]\ - 4.23
This solution‘is useful only when a is near n and r is large in the regions 
■4.11 and 4.17, and as before, tho '02' integral in this solution supplies the 
geometrical optics '02' field. When a is not near n the possibility of an 
observer being situated in both penumbra regions 4.8 and 4.13 does not arise, 
because condition 4.22 cannot then be satisfied.
SECTION 5
For an observer situated near the caustic, in the region C.57, we may replace / by 
a in equations 2.22, 2.30 and 2.33. First we shall consider equations 2.30 and 2.33 
which wili be seen to describe the field on either side of the point of glancing incidence 
Q (see figure 7), not beyond the point of glancing incidence Rf whilst equations 
2,22 and 2.30 will similarly describe the field on either side of the point R, not 
behind the point Q.
The asymptotic expansions A.32 and A.33 may be used in the residue series of those 
equations, and since the ‘fa ’ and '0,-' fieids give rise to the points of glancing 
incidence R and Q respectively, the '02' integral in equations 2.30 and 2,33 
may be replaced by expression C.107 (0 = 02} in the illuminated region of the 
#02' field not near the point R. With respect to the '0 /  integral in equation 
2.33, expression C.107 (0 = 0 i ) is useful in the illuminated region of the >6l ' 
field not near the point Q. In the neighbourhood of the point 0  the tq>1' integral 
must be replaced by expression C.111 (0 = 0Q. Consequently from equation 2.33 
we have
i 2 Tj k cos 02
T 2 ~~~! T\k COS 02
|  exp (i ka cos 02 /
[cos Vs 02 + COS Vs 0!? 
sin a vs
in the illuminated regions 0 <  0j <  tt/2 and 0 <  02 <  tt/2 not near the 
point G (see region A, figure 7), and
in the region of glancing incidence / ( t t / 2  -  <t>l ) /  -  0[(ka/2)~1/3J  which is contained 
in the illuminated region 0 < (j)2 < ir/2 (see region B, figure 7). Here [ z ] 
is the Fok function given by equation C.110.
Similarly from equation 2 30
U(r, 6) = - / 2 7) k COS 02 
T2 — / Tj A COS 02 J expfika cos fa)
exp// pc n/2) [exp(-j Vs g) cos vs 0 2  +  COS Ps (CL -  0  j  ) j
L j sin a ps
t=ts
5.3
in the illuminated region 0 <  fa < t t /2  where t t /2  <  0 j , not near the point R 
(see region C, figure 7).
Now we would expect the field given by equation 5.2 to have a smooth transition 
to the fields given by equations 5.1 and 5.3 as the observer (rf 0) moves from region 
B into regions A and C respectively. This can be seen if we examine the Fok function 
of equation 5.2 in the manner suggested by H.M. Nussenzveig [12j. For if we suppose 
that the asymptotic expansions A. 13 may be used in the integrand of the integral which 
defines the Fok function (see C.110) we obtain the saddle point
which lies on the range of integration when y > 0 (arg y = 0). Provided /arg co/ 
is not strictly less than tt/3 the asymptotic expansions A. 13 indicate that the path 
of integration may be deformed anywhere to begin and end in valleys, and consequently 
the saddle point method gives the contribution
cox = expd Tr/3)y2 5A
5.5
With y replaced by ( t t / 2  -  01//'/ca/2/?/:? the second term on the right hand side of 
equation 5.2 becomes
-•39-
figure 7
o
i 2 r x k  e x p  [ I k a  { ( y / 2  -  <px )  —  (tt/ 2  -  <j){ P / 3 ! } J  r    -------— —_ ---------- —    _ D«
[ t2 -  i r xk (y/2 -  cpJJ
where (f>1 <y/2 and this is approximately the same as the second term on the right- 
hand side of equation 5.1 provided (y!2 -  <px )  = 0 [ ( k a / 2 ) ~ 1/3J , Consequently the 
field in region B can be matched to the field in region A. When y <  0 the 
saddle point method is not permissible since the .asymptotic expansions A. 13 are 
not valid at the saddle point 5.4. Instead the contour of integration in C.110 will
be deformed to surround the poles of the integrand, which are given by equations
2.7 and 2.9, and a residue evaluation obtained. The asymptotic expansions A/I 3 
indicate that there is no contribution at infinity on deforming the contour of integration 
to surround the poles, which lie on the negative real axis,,and consequently
F(y) = — 2 y i  £ "" nin— — ~e— 'a FTTi ■ exp[-i(ka -  vs)(2/ka) 1/3y] 5/
S=1 Tlk 2 1/3 Ai(ts) ~  [ A]_J1L j  
dt Ai(t)
r - r s
where vs is given by equation 2.8.
On replacing y by (y/2 -  p)l )(ka/2)1/3 the second term on the right hand side 
of equation 5.2 becomes
+ 2 exp(i v$ ^ /2 ~ ^  ^  5.8
S=1 A ■ JL  f Ai'(t) ?
A,(tJ d t  Ai(i)t=t
where y/2 <  0X r and this may be combined with the existing series in equation 5.2 to 
yield the series of equation 5.3. Consequently the field in region B can be matched 
to the field in region C.
By considering equations 2.22 and 2.30 in like manner we can describe the fields 
in regions C, D and E, and also the smooth transition from region D into regions 
C and E.
PART 1* (B)
High frequency d iff ra c tio n  of a plane wave by 
a p e rfec tly  conducting c irc u la r  cylinder which 
is  immersed in an incompressible raagnetoplasma.
INTRO DUC TIO N
The two dimensional sca tte rin g  problem presented here i s  formulated in 
the same manner as for the previous problem and given the same high 
frequency treatm ent, Consequently, where possib le , use has been made 
of the previous a n a ly s is .
Although the wave number here depends on the time v a ria tio n  and the 
physical c h a ra c te r is tic s  of the medium, as before, the aniso tropic 
p roperties of the plasma lead to  several d is t in c t  propagating frequencies. 
Of p a r tic u la r  importance is  the appearance, a t ce rta in  frequencies, of a 
surface wave which propagates round the cylinder in an almost unattenuated 
fashion. According to  E.v. J u ll  [l7J th is  may be expected fo r a plane 
conductor wherever a wave propagating in a d irec tio n  normal to  the 
magnetostatic f ie ld  in  a plasma is  incident upon the conductor and has 
a tangen tia l magnetic f ie ld  component p a ra lle l  to  the s ta t ic  f ie ld . 
Presumably th is  is  a lso  true for the' present conductor.
In the frequency range where the surface wave is  absent there appears a 
wave which propagates in  a ra d ia l d irec tio n  and which su ffers  considerable 
azimuthal a ttenuation .
Of fu rth er in te re s t  is  an expression for the sum of the sca tte rin g  and 
absorption co e ffic ien t which the author suggests may be used a t a l l  
propagating frequencies.
F ina lly , i t  has been pointed out by W.E. Williams th a t  there is  a 
hydrodynamic analogy to  th is  problem, and in  the frequency range where 
• th is  is  the case due acknowledgement is  given in  th is  te x t.
SECTION 6
For electromagnetic wave propagation in a cold, infinite, uniform plasma in which the 
motion of the electrons only is being considered, it has been shown by Holt and 
Haskell [lb] f and other writers that the presence of an applied magnetostatic field 
gives anisotropic properties to the plasma. Accordingly the displacement vector D 
and the electric fieid vector are related by
O - 6 0  M E  ,  • a i
where e0 is the permittivity of free space and [e] is the dielectric tensor.
When the magnetostatic field is z directed and the field time variation is 
exp(ioot), the above mentioned authors give the dielectric tensor as
[e] = ei * - ie 2r 0
H 2 , 6lr 0 t 6.2
0 ; 0 , fa
where
e _ (of_ — v 2 — El2 — -re2) + i u o f 1 (y2 — 2 o o 2 ) 
(oo2 — v2 — E l2 )  — i2 v o o
and
...»  ,  MSL  and «  = _ f±
me
6.3
_ 7f2 El 00 1________  •
(oo2 — v2 — El2) — i2voo
(co* - 7 t1 ) — !VCO>e3     ;  .
CO — IVOO
Here 7r is the piasma frequency. El is the gyrornagnotic frequency and v is 
the effective collision frequency for electrons and neutral particles. Further
0 m 7 6 .6
•where N is the electron density, m is the electron mass, —c is the electron 
charge, and (3z is the applied magnetostatic field strength.
In the absence of charges and currents, Maxwells equations for the anisotropic 
media under discussion are
and
curl E = — icofj.0H ,
curl H = icoe0[e]E ,
div { s0[ej E } = 0 ,
div H — 0 ,
6.7
6.8
6.9
6.10
where g0 is the magnetic susceptibility of free space. Assuming the field components 
to be independent of z it can be shown, on separating these equations into their 
cartesian components,that the electromagnetic field may be expressed as the sum of 
the two fields
E* ~ Ev “ 0,£z = E "
and
H = _ J—  K gracf p r 
~ /cuMo ~ '
0, H = H ,
(e\ -  e i r 1
ICOci
{ e{ (grad HJ + ie2 (grad HJA k >A if f
6.11
6.12
which are independent so long as they are hot coupled by boundary conditions.
A
Here jk is a unit vector in the z direction and for the first field it can be 
shown that Ez satisfies the reduced wave equation
(V 2 + k 'z) E_ -  0 , 6.1:
/<
whilst for the second fieid it can be shown that 7/ satisfies the reduced
wave equation
-45
(V2 + k2)Hz = Qf 
where k2 = co2(p0eQ) - 1- .
Now if a perfectly conducting cylindrical boundary is placed in the plasma along 
the z axis, the tangential component of the electric field vector must vanish on 
the boundary. Therefore for the first field
0
on the boundary, and for the second field we write
ci (grad HJ 7- / e2 (grad H ) . k* A
A A
. k ■ s = 0 A
on the boundary, where £  is a unit vector in a direction tangential to the
A a A Aboundary. Writing k ^  n -  j ,  where £  is the unit normal to the boundary, 
the latter boundary condition may be simplified to
ex + /e2 ±—i  = o .
• bs
Consequently equations 6.13 and 6.17 constitute the boundary value problem for 
the E—polarized field 6.11, and equations 6.15 and 6.19 constitute the distinct 
boundary value problem for the H-polarized field 6.12, the solutions of which will 
be sought when the perfectly conducting boundary is a circular cylinder of radius 
'a'. Further,the problem will be considered here when the plasma is collision free, 
which implies that the effective collision frequency for electrons and neutral
particles, v, is zero in equations 6.3, 6.4 and 6.6. Therefore elf e2 and c3,
%and utiimately k* and k2 are pureiy real. The requirement for propagating 
waves under these conditions, given by E.V. Jull [17], is that k /2> 0 for the 
E~polarized field and k2 > 0 for the H~poiarized field. According I y? from 
equations 6.5 and 6.14
k '  z = (l'.QeQ) (co -  n) (co + n) ?
so that the E—polarized field is supported when
• co >  IT.
6.15
6.16
6.17
6.18
6.19
6.20
6.21
problem
The boundary value^for this E—polarized field need not be considered.further as 
it is simply the two dimensional diffraction problem for a perfectly conducting 
circular cylinder located in an isotropic dielectric, of refractive index N say, 
where A/2 = e3, which has been considered by D.S. Jones [8] for low and 
high frequencies.
With respect to the H—polarized field it can be deduced from equations 6.3,
6.4 and 6.16 that
. . (co -  c o j f c o  + oox)(oo -  C 02 ) ( 0 0  + oo2)
k = (p0e0)— — (oo — oo3)(oo + oo3)
where
+ (ir2 + E l2 / 4 ) ’A '
002 = fa2 + Q2 /4/a t
0 0 3 =  ( i t 2 +  E l 2 ) ’A  ,
and 0 < oox < oo3 < oo2 ,
so that the H—polarized field is supported when
oox < -oo <  co3
or when
oo2 < oo <  co.
These propagating frequencies have been obtained by E.V. Jull, and a further 
examination of equation 6.16 indicates that propagation occurs only when
Cj >  0 and /e1/ > / e 2/  
or when
ex < 0 and /e , /< /e 2/ 3
and therefore the following diagrams relating the signs of ex and e2 to 
any given frequency .may be constructed.
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(a) 91 >  7tA/2 , (91 > ojx)
0 < I <  €j . et < 0 0 < e x <
e2 <  0 0 < e 2 0 < e2
/e1/ > / e 2/ /e i /< /e2/ /e{/> /e2/
W-1 91 co3 co2
I
(b) £2 <  7rA/2 (^2 <  a?!)
Cj <  0 0  <  e i <
0 < e 2 0 <  e 2
-|f pmr^ ,)_________
/ e 1/ < / e 2 / / e j > / e 2 /
91 co3 co3 cu2
II
Attention hereafter will be focused on the diffraction problem for the H—polarized 
field, and when 91 = y = 0 then e2 ~ 0 ancf ex = 1 , in which case the problem 
reduces to the isotropic diffraction problem which has been considered by 0*5. Jones.
SECTION 7
For the boundary value problem postulated  in  the previous section i t  w ill 
be assumed th a t the inciden t f ie ld  a rise s  from an in f in i te  lin e  source 
excitation- situa ted  p a ra lle l  to  the axis of the p e rfec tly  conducting 
cylinder. Since th is  is  taken to be the z ax is, and since the f ie ld  is  
independent of-z, the problem is  e s se n tia lly  a two dimensional sca tte rin g  
problem, and adopting a po lar co-ordinate system ( r , 0) in  the two dimensional 
plane we must solve the d if f e re n tia l  equation
n=0° -ine
U ( T .&; tt A  ) _  j _ V  r t ,«•„). e
att Z _
n - -co
where
-7:
7.1i J L / r j h L ) -j- J ,  4 . =  - i t s .r  a r l  T r  I F  d e *  r
subject to  the boundary condition
c ,  1f i i i .  =  0r =  a  .
8 r  ' &  d &  ’
Here u represents the unknown component Hz of the magnetic f ie ld  and 
(ro,0o) , (r,0) denote the source and f ie ld  point respectively  in the two 
dimensional plane. A so lu tion  to  th is  boundary value problem is  
obtained by separating the variab les and ex tracting  the 0 dependence of 
U (r,0 ;ro ,0O) as .a  Fourier s e r ie s . Therefore
7,3
v n ( r ; Y o A )  f  u ( n « i * i A ) . e ,n * d ©  . 7 . 4
Applying the in teg ra l transform 7,4 to  the d if fe re n tia l  equation 7.1 gives 
the d if fe re n tia l  equation
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V o C i T . y o ' )  =  A , H,Wi<r)  +  13, H A k r )  , To ,
=  AzH i  ( k r )  4- H i  n  ±
where the A's and B!s are constants. The rad ia tion  condition fo r the 
time dependence exp(iw t), given in  the f i r s t  section of the previous 
sca tte rin g  problem, im plies th a t  AG is  zero. The remaining three 
constants are determined from
1) the boundary condition 7.2,
2) the continuity  of Vn(r?ro ,0o) a t  r  ,
3) the d iscon tinu ity  of 8Vn(r;rn , 0Q) by an amount
9r
m ec“411 0  a t r0 .
A fter some straightforw ard ca lcu la tions involving the use of a Wronskian 
re la tio n sh ip , the so lu tion  for a < r  < r0 is  obtained in  the form
which has the solution
where
Vn(r-,r.A) =  -  i jH n(kK)^ \n(Kr)-dn(K d)H n(kT^
d n ( k d ) = .  e .  k d  i + ? k d )  4- n  f e  Hh ( K d )
6, ua. KYCkd) T n ex H« (kd):
7.8
7.9
From equations 7.3 and 7.8 i t  follows th a t the solu tion  in the region 
a < r  < r© is
oo i &)
UCKO: =■ ^ITT y  Hn (KKfy jJ"U (k);-" On(kd) noL.krjj C a 7,10
fl - - 00
i t  w ill be remembered th a t th is  i s  the solution a ris in g  from a poin t source 
exc ita tio n  in the two dimensional plane. The solu tion  fo r an incident 
plane wave is  obtained from th is . in  the usual way (see the f i r s t  section 
of the previous two dimensional sca tte rin g  problem fo?“ an account: of th is  
procedure). Consequently fo r an inciden t plane wave exp £ i  kr cos (8 -0^ )J 
we have the so lu tion
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OO
i r?/ 777fk. + 60~ Q)
U(r,dj ©.) = j \  [Hi fieri -  c
- L—4
n =• -  <20
7.11
This so lu tio n ,* while useful fo r small values of ka, is  not useful for 
large values of ka because convergence is  slow. In order to  t r e a t  the 
case when ka is  large we must employ the by now fam iliar Watson 
transform ation, but f i r s t  i t  w ill be of in te re s t  to  examine how ka may be 
large. This w ill c lea rly  depend on the propagating frequency oj "which 
s a tis f ie s  the in eq u a litie s  6.27 and 6.28 and also on the length 'a ' .
C ertainly i f  cJ l ie s  near fj, or then k", and therefore  k, is  small, in 
which case ka w ill be small unless 'a ' i s  very la rge . In terms of 
and th is  implies th a t unless ' a 1 is  very large ka w ill be small when
unity .
SE C TIO N  Q
Before employing the Watson transform ation we f i r s t  use equations 2.4 
in  equation 7.11 and w rite  (.1 (r , 0) in the form
co
where.
f  in (% +  e) - in f^ + e -© .-)
U(r;e) =  ..i. V f  n| Fnftei')e +  G n O e
X L ,  L.
n -• o
c
C/ t j  — I (' n o)
=  J/Jt ( n -  o )
Fn(kF) =. Hn(kr) — dnOcd} Mn^cr) 8.2
6cn (k 'Y ) -© H r i(k Y )  —  £ ?n d tcU  Hn ( i c Y j 8.3
6 n Ckd e, i<& i li/fKa) ~ n &  Hn d<d)
e , Ad Hn-(kd) -  n 6.x HACkA}
8.4
and dn(ka) i s  given by equation 7.9.
Following the use of the Watson transform ation, l,.| (r,8) may be w ritten
U (> a)= --^L
4- 6
i yjpr/y -j- 6C — 0)
Fv(fcr) e  : _________ dv
sin v?r
Yi +>6 +s6
. r
_L 
4- i
d v
Yr+YztYs
8.5
where the path of in teg ra tio n  (y^+Y^+Y^) encloses the p ositive  rea l axis
in  the manner prescribed in  section 2, and therefore encloses only the
poles of the integrands a t V " r. (n = 1 ,2 , . . . .}  with an indentation a t  the
o rig in  such as to  exclude the o rig in  from the poles a t V = 1 , 2 , , , . ,  I t
is  eas ily  v e rified , using the residue theorem for the poles ar V = 1 ,2 . . . . , ,
together with the con tribu tion  from the pole a t the o rig in  as the radius
of the indentation shrinks to  zero, th a t th e - r ig h t hand side of equation
8.5 i s  id en tica l to  the r ig h t hand side of equation 8 .1 . By changing the
sign-of V on (y, + Y » )  when I r n ( v )  >  o, equation 8 . 5  becomes 
J. A. J  ’
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U (r,6 ) :
4 J
F v ± K ) e  d v
4
S in  vTT
— f¥C%. i~ Oc
G v ( k r )  e  JV
510  V7T
rj + Viv
E ssen tia lly  (Y-^ +Y^ ) i s  a s tra ig h twhere y^ is  defined in s e c tio n .2, 
lino  running from r ig h t to  l e f t  ju s t  below the rea l axis in  the complex 
V plane. The path of in teg ra tio n  (Y-j+Y^ ) w ill now be closed by an 
in f in i te  sem icircle in  the lower h a lf  plane which encloses those poles 
of Fy(kr) and G y(kr) which are located in  the lower h a lf  plane.
From equations 7.9 and 8.2 the poles of Fy (kr) are given by
6 | k& Hi  ( k d )  -f- VTO H'iC\<d^) " O
i . e .  TO ,
and from equations 8.3 and 8.4 the poles of Gy(kr) are given by
e ,  Kd.  H i ' C k d ) . -  VdxHiCKd )  =  O
i. e .
Provided the contribution on the in f in i te  sem icircle for each in teg ra l
in  equation 0.6 vanishes, the in teg ra ls  may be replaced by a summation
over th e ir  respective poles. For the contribution  from the in f in i te
sem icircle the treatment is.the. same as th a t  given in  section 2, therefore
Hy(z) i s  replaced by 2Jy(z) -  Hy(z) in the range -II/ + 8 < arg v < o
/2
on the in f in i te  sem icircle. The asymptotic expansions A.54 of appendix A 
ind icate  th a t there w ill be no contribution  for the in te g ra l containing 
the facto r Fy(kr) provided
i V(3F/2 + 0o -  a)
e
s i n  V 7 f
-> o dS
Sim ilarly  the in teg ra l containing the fac to r Gv(kr) w ill give no contribution 
fo r the same values of arg \) on the in f in i te  sem icircle provided
£
- W ( K/ z +  6o~  e )
o a s CD
S i n  V K
With resp ect to  the range -II < arq < -11/' + 6 on the in f in i te  sem icircle,— / 2
K„(z) i s  replaced by
2  X va(z) -  e  H U  2 )
/\
e
The asymptotic expansions A.53 of Appendix A ind ica te  th a t there  w ill be 
no con tribu tion  under the same conditions. Consequently, on replacing 
the in teg ra ls  in  equation 8.6 by a summation over th e ir  respective  poles 
and observing when conditions 8.9 and 8.10 are s a tis f ie d  sim ultaneously, 
we obtain
iK n& )=2E [Ie, kd Hk'(kd) + H Hk (kd)1 H* da~) C
iYs ( 3  +
.[£ ,  (Cd M ' ( k d ) -1“ Vt 67 3 tt$0<d) 4- 67 H^Gcd.) f i n  V&7TL 5v> 0+Ss*J<i V>+5
provided
UV|
fis.kd ---A. a  c)HS(kd) — <X>. Hi7(kd) s m  v?t 7t
L J
8.11
Oo + 73/% x 0  — B0 T 3/</,2 8.12
Now provided 67 and &2. are no^ zero, equations 8.7 and 8.8 may be used 
in  the r ig h t hand side of equation 8.11 to  give the shortened form
e 2
i Vs. (3 'V,l +■ 3C~ &)
H*(l< n  e  ’
~e, kd Q +1
6*2. v;--v5 _
nm  yi~'i
- ty jT T / 't - te  0~&)
i-l^Ckry  6 ________
t
£ ,  k d  8  • [
e *  cV [W iY kdJJ » = v fc _
[H vh C•< dyjx S  i n Vfn
An a lte rn a tiv e  represen ta tion  fo r U ( r ,9 ) , v a lid  in d iffe re n t regions as 
w ill be seen la te r ,  may be obtained from equation 8.6 by using the 
trigonom etric iden tity .
8.13
iv(£TifZ + e 0 - e )  <v f r u . fs,-© ) - iv (T T iz+ 6 ~ e J j
6  =  i .1 SiO Va € ■ + e  8.14
in  the in teg ra l which co n ta in s‘the fac to r (k r) , together with the 
trigonom etric id e n tity
- i V>( 7\/l + B<r &) - 1 y(3'\/2 -j- 0-e- 0) —i\>( 5 'T/ll 'V &o~ b )
c  . =  1 2 ^ 1 0  v’TT e  +  e
in  the in te g ra l containing the fac to r Gv (k r) . In th is  way we obtain
u o t o )
4-
- - iy ( 7 r /^ ± 0 - e c')
FwO<r) e   clv>
. 5 in 07T
P — iv (  5 Fix +  $0  -
J \ &\> (*■< a) (B__________ ciV
n
Z u  
i t  h i 4
4  J  S in  v?\
_  ,  .  fv C m + e c -e )  -
h ^ ( k r ) e  + & y ( k V ) e
< r UV
dV
The f i r s t  two in teg ra ls  qn the r ig h t hand side of equation 8.16 may be 
expressed .as a residue se rie s  over the poles of Fy(kr) and Gp(kr) 
respectively , which are located in  the lower h a lf complex \> plane, in the 
same way as fo r the in teg ra ls  in equation 8.6 which led to  the residue 
se rie s  in  equation S .13. The requirement th a t the in f in i te  sem icircle 
contribution  in the lower h a lf  plane should vanish for both in teg ra ls  
i s  .tha t
&o ~ 3 + 2  + 0 2 .
With respect to  the la s t  in te g ra l on the r ig h t hand side of equation 8.16, 
th is  may be expressed as an in teg ra l along the po sitiv e  re a l axis using 
the procedure adopted in  appendix C, where an in teg ra l which arose in  the 
previous sca tte rin g  problem was given a sim ilar treatm ent.
Therefore effec ting  these changes in the manner suggested, i t  follows th a t
/Vs (7V i i - a - e l )
u ( r , e ) ^ .  (£_£l Hif 4 kb) Q
a 1 led 0 Hlj(kcC) "~j -{- i J H&Oecl)'!'2' s i n  yj,7T 
_£ a 0VLHRkdJJy=--H
* -  -  e )
+  j-iv^  4/<t )  q
£.i  L ,
t
G-i led, c) HV( Kd) j
H$ (k c
[ H p jK d y y  S in  l y r
CO
-f* ■(Vte + ©0-<3)'
subject to condition 8.17.
8.16
8.17
8.18
From conditions 8,12 and 8.17 i t  can be seen th a t equations 8.13 and 8.18 
fo r Lt(r,G) are s u ff ic ie n t to  describe the f ie ld  everywhere on the sheet 
O < 0 < 2H. The residue se rie s  in each equation may be examined in  
d e ta il  once the poles Vs and \>t, given by equations 8.7 and 8„8 
respectively , are located. An investigation  of those poles w ill be given 
in  the next section . With respect to  the in teg ra l in -equation 8.18 
i t  w ill be seen th a t th is  supplies a geometrical optics f ie ld .
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s e c t i o n 9
For the possible signs which may be assigned t o 6 j  and 6^  a t  any given 
propagating frequency, see tab les  I and I I  in  section 6, the pole 
determining equations 8.7 and 8.8 are equivalent to  the equations
\ e , \ k d  H /(t< d) +  v>|©i| H i t K d l  -0  ,
i .e.  V =  ,
and
| £, \ KdD'(kd) -  V | <=A| H iC k d )  - -  O  ,
i . e . .  V ~  }
in  some order. For example when 61 l ie s  in  the lower propagating frequency
range the are the same as the and the Vn are the same as the Vs ,
whereas when CO l ie s  in  the upper propagating frequence range the are the 
same as the )Y and the V?n are the same as the VL . Therefore from aJ
mathematical viewpoint we need only consider the pole determining equations
9.1 and 9.2. We f i r s t  observe th a t provided] <S, |  is  not zero, equations
9.1 and 9.2 cannot have zeros which are purely re a l .  For by taking the 
complex conjugate of equation 9.1 say and using the re la tio n sh ip
ftfcs) = W ( D  ,'
where the horizontal bar denotes the complex conjugate, we obtain
| H~ ( l<d)  •+• V | | H v (kfLj  .5= O c
Now i f  V is  a re a l zero of equation 9,1 then V— V , and from equations 9.1 
and 9.3 i t  would follow th a t
W  h $ o<oO j
provided | ] were not-zero , where WL J  is  the Wronskian determinant.
A s im ila r treatm ent of equation 9.2 w ill produce the same re s u lt ,  but since
v  [ H i ( k < 3 X  H j f k d ) ]  =  -
. 7T Kd
which contrad icts equation 9 .4 , then the assumption th a t V is  a re a l zero 
of equations 9.1 or 9.2 must be fa ls e . .Further., the re la tio n sh ip  2.4 for 
the Hankel function of the second type ind icates th a t the- roots of 
equations 9.1 and 9.2 are the same apart from th e ir  sign. Consequently 
\)L ~ V,v, , and i t  i s  only necessary to locate the roots of both equations
in  the f i r s t  and fourth  quadrants in  order to  locate them everywhere, 
although we only require those roots with negative imaginary p a rts .
Since ka is  large the asymptotic expansions' of appendix A w ill be used to  
locate  these roots and throughout the analysis we w ill w rite
X = I <5/1 9.5
When ( y? j < ka the Hankel function and i t s  deriva tive  in  equations
9.1 and 9.2 may be replaced by the asymptotic expansions A.16 and A.17 
to  give the roots
Vin = i % l<ci ■__ 9.6
L > 9.7
fo r o  < o' 4 \ / rJz  a > 8
Sim ilarly  when |v j  > ka the asymptotic expansions A.22 and A,23 may be 
used to  give the roots
( I -  tf*)1'*
= -  V, 9.10
for l / J z  ^  Y J- \ v 9.11
-an.
and
y K a
I )'/*  
VVn
9.12
9.13
for \ 4  f  ^
where (l-'S2) 2 is  w ritten  as 1)^ when > 1,
9,14
9,15
The roots Vi ancl Vm which a r ise  when # < 1 are purely imaginary but those 
which a r ise  when Y > 1 appear to  be purely re a l. Since i t  has been shown 
th a t purely re a l roots cannot e x is t i t  must be assumed th a t the 
asymptotic expansions which have been used to  obtain the roots when > 1 
are not well su ited  to  an in v estig a tio n  of the imaginary p a rt of these 
roo ts , which are presumably very small, although they do ind icate  the 
behaviour of the re a l p a r t of these ro o ts . Instead the asymptotic 
expansions A.26 and A.27 are used in  equation 9.1 to  give
T an h VL cosh
Kd
V l
4 - j  - iC U - k r & U 12
S .16
which may be w ritten
exp
p
- z~V, Cosh'1 a  -  (Vi - k 2d a)'«-1j U *" ■ | , ,,-j V V J
Kd J
9,17
I f  equation 9.12 ind ica tes  the re a l p a rt of the root which s a t is f ie s  th is  
equation we w rite
9.1
f t * -  I y/a-
where6 ,  to  be determined, is  very small. This value fo r Vj, is  substitu ted  in 
equation 9.17 to  obtain a f i r s t  approximation for 6 .  The inverse 
hyperbolic function on the r ig h t hand side of equation S .17 may bs expressed 
as a logarithm ic se r ie s , fo r 1 < f , and therefore to  a f i r s t  
approximation
Z i k d  exp
I )*/*
Kd f_ l -t- 9.19
Consequently from equation 9.18
v L ss i  Kd -  ; z ikd. exp
fy -D 3/A"
_J -j" { "i~ I -y
,5>6"~ 7Y7
V.m
9.20
9.21
provided 1 < Y . Since th is  roo t has been obtained under the. assumption 
th a t the imaginary p a rt is  small i t  is  necessary to  impose some 
re s tr ic t io n  upon y and ka to  ensure th is .  From equation 3 .1 9  6  i s  almost 
ce rta in ly  small when the exponent is  small. An upper estim ate for the 
exponent is  '
exp [ -  4<y/3 ]
where
q. = ( K&/Z) 1/3 
”6
9.22
and provided q3 is  large the upper estim ate, and therefo re  the imaginary 
p a r t of the ro o t, i s  small. The re a l p a rt of the roo t has been obtained
r  n 2 /by J.R . Wait|J9_j . Further, i f  »  1 then /  ka l ie s  near unity  and 
the conditions of v a lid ity  for the asymptotic expansions which have been 
used to  obtain the roo t cannot be met.
Whenl{/ka l ie s  near un ity  the Hankel function and i t s  deriva tive  in 
equations 9.1 and 9.2 must be replaced by the asymptotic expansions A.32 
and A.33 to  give the equations
A i ' t H D  + e  \  A Y a . y  *  o 9.23
where
9 t  = ( 2 / k & ) ‘13 ( k&- U )  e
I 7T/3
9,24
and
-ii/T/3 . .
At ©TO) ~ C? av C dm ) - O '  9.25
where
y w =  (Z./kCty/3 / k d  ~ Vm) €  , . 9.26
According to  V.A. Fok [ i s ]  , the and i/fv1 may be regarded as functions 
of q and on d iffe re n tia tin g  equations 9 ..23 and 9.25 with respect to  q, 
using the re la tio n sh ip  Ai/^y) = y (A i(y), the d if fe re n tia l  equations
where
and
where
9.27
. . ‘ fd/T /3
t . U D  = i .  F a )  e  , 9.28
d 2 m  -  ~  I 9.23
cJq - < p
2 » | f t )  = ? 9.30
are obtained. The so lu tions X/rtq) of these d if fe re n tia l  equations are 
obtained in  the manner prescribed by V.A. Fok or J.R . Wait, and the 
corresponding values of Qt_ and yQ are
K. = K d  + Ckd.A ) ' / 3 2 V O  9-31
and
I L  -  k r )  h (  k r l  f'J Y /3 7  _  0'} \f --  . . .  —/ ■ ~ S '1 »* '  i 9 , 3 2
Accordingly when q = o the so lu tion  to  equations 9.23 and 9.25 is  given 
by
-  O
and when q = co the so lu tion  to  these equations is  given by
“ i«2r/3 i / r • - 1 X7T/Q n
A \ ' = Aj (oj e
Tables fo r the f i r s t  few roo ts of equations 9.33 and 9.34 are given by 
J.R . Wait and are reproduced here =
9.33
r —} 27T/2 -
Al z L(») e ~ Ai | 7i,n(oo) e = o . 9|.34
l-/m Z L-jm (o') 'Z c/rrt
l 1.0199 exIf3 * TT i
2 3.2482 eXlV3 2.3381 e /3
3 4.82ol exT^ 4.0879 eXl^ 3
4 7.3722 e11^ 3 5.5206 elTf3
For o ther values of q i t  is  necessary to  solve the d if f e re n tia l  equations
9.27 and 9,29 num erically, although the behaviour of z ( (q) and z^fq) for 
increasing q i s  a n a ly tic a lly  p red ic tab le . We w ill f i r s t  p red ic t the 
behaviour of z z (q) and zft,(q) and then produce tab les  which confirm the 
p red ic tio n s .
Since the z A(q) and z,n(q) are possibly.complex w rite
A q )  = u-t-f+l +  i
and
9,35
Z\ m ) — Orn -f- i \/>yi 9.36
in  equations 9.27 and 9.29. From the d if fe re n tia l  equation 9.27 we 
obtain the simultaneous f i r s t  order d if fe re n tia l  equations
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V ,„ , '
d a g  = (a - q f ) ________ 9.37
<H (tic  -  %2)X I' ’W f
S  J j  . ss -  U l_________  9.38
CU>L~<f')2' H-
and from the d if fe re n tia l  equation 9.29 we obtain the simultaneous f i r s t  
order d if fe re n tia l  equations
d  Um = -  ( U„1 -  <lz )  9.39
0I4  (Um - 4 1) 2- + . V jm
d Vm • -  Vin______________ . 9.40
d<l (Um ~h Vm
We f i r s t  consider the simultaneous d if fe re n tia l  equations 9.37 and 9.38 and
2in v estig a te  the u c(q) and'L^tq) fo r a l l  q. The singular po in ts u^= q
and -  0 w ill be excluded from the in v estig a tio n  because a t  these po in ts,
\)u , from equations 9.31 and 9.35, i s  purely re a l. This p o s s ib il i ty  has 
already been precluded and so dV? f  dq is  f in i te  fo r a l l  q, in which case 
zrL i s  a continuous function of q. Further from equation 9.38, (VL) a"tfl/dq 
is  always negative and therefo re  when Vic o, then dVi/dq > 0, or vice 
versa, and when \XL > 0 then dVl/dq < 0, or vice versa. Consequently i f  
V f  i s  i n i t i a l ly  negative, say a t  q = o, the foregoing considerations imply 
th a t iXL i s  always negative an d jv ij decreases as q increases. A numerical 
so lu tion  of the simultaneous d if f e re n tia l  equations 9.37 and 9.38 fo r the 
f i r s t  mode, with s ta r t in g  values u f (o) and Vj (o) has been given by J.R . Wait 
and i s  reproduced here.
q (q) Vi <q)
0 0.5094 -0.8823
0.1 0.5633 -0.7974
0.2 0.6270 “0.7132
0.3 0.7010 -0.6305
0.4 0.7857 “0.5499
0.5 0.8815 “0.4722
1.0 1.5487 -0.1551
1.5 2.6229 “0.0141
“22.0 4.2597 -0.0063x10
These re su lts  confirm the p red ic tions and when Ui (q) i s  very small, th a t 
is  when q is  large , an asymptotic so lu tion  to  equations 9.37 and 9.38 
is  obtainable. For from these equations straightforw ard, in teg ra tion  
gives
V L(C0 = 6,. e x p • ______
t i lwhere $ L i s  a constant of in teg ra tio n  for the L 1 mode. Now from 
equation 9.37
in  which case equation 9.41 gives
VI(q .)  ~  ~ 2  c ,  f  e x p  [ -  f a / 3 ]  ?
• thwhere CQ > 0 i s  a constant of in teg ra tio n  fo r the L mode. Substitu ting
these values for u^(q) and 'WL(q) in equations 9.31 and 9.35 gives
TO - [>i + ( Kd/Z)/3j - i llCLf{K&/,iy/3 exp|>4i3/3]
The constant may be determined by returning to equation 9.23 and 
expanding the Airy function and i t s  derivative  a-.symptotically to  obtain a 
so lu tion  for large q which may be compared with the above. The asymptotic 
expansions A;13 are not su ited  to  th is  as i t  i s  eas ily  v e rified  th a t they 
only determine the re a l p a r t of • Instead the asymptotic expansions 
A.15 must be used and these give
t i p  T&nh
For. large q an approximate so lu tion  to  th is  equation is
A  TO
3
3/ Z 7T
4
a ev
and therefore from equation 9.24
9.4
On comparison with equation 9.42, is  2 fo r a l l  modes. This value
2fo r V^has a small imaginary p a rt when q is  large and i t  has been obtained 
by J.R . Wait. Since the root derives from equation 9.23 which is  valid  
only-when VL /  ka l ie s  near unity  then we must have 'Y2' »  1.
Equations 9.20 and 9.43 may be compared. They are not d is t in c t  but give
d iffe re n t values of Vj, fo r d iffe re n t values of #■ They may be combined
for a l l  values o f Y > 1 when q is  la rge , because equation 9.20 then reduces
Zto  equation 9.43 when »  1.
With respect to  the simultaneous d if fe re n tia l  equations 9,39 and 9.40 it. 
follows from a sim ilar analysis th a t i f  is  i n i t i a l ly  negative, a t 
q = o say, then i t  is  always negative and" jl4i| increases as q increases.
A numerical solu tion  to  these d if fe re n tia l  equations with s ta r tin g  values 
(j<(°) and V', (o) fo r the f i r s t  mode, has been obtained by the author 
and is  offered here-.
. q U, (q> Vi <q>
0 0.509.9 "0.8833
0.1 0.4549 -*0.9767
0.2 0.4127 - I .0705
0.3 0.3816 -1,1633
0.4 0.3603 - 1 .254G
0.5 0.3474 "1.3418
1.0 0.3770 -1.7250
1.5 0.4895 -2.0051
2.0 0.6065 -2-. 2005
2'. 5 0.6965 ' -2.3429
A lterna tive ly , so lu tions to  equations 9.27 and 9.29 may be obtained by 
assuming a Taylor expansion- for z t (q) and- zm(q) about the points q ~ 0 
and q = oo where the values of z t (o), zM(o) and zm(\x>) a:ce
obtainable from the ta b le s . Accordingly, from V.A. Fok j_18j - an expansion 
about the point q -  0 gives the se rie s
>(, T )  -  z ,  co) -t- 4  -   f
Z J C )
and-
Z , „ ( f )  =  Z m ( o )  -  4 ___  -   -
2//n/3) Ao)
2which converge fo r q < z t.jm , and an expansion about the po in t q = co 
gives the se ries
Z i f y )  = Z t  rt») +  _ L  + +
4  3 4 3
and
= Zm(co) ~J_  -  Z a f & L -  
4- > 4 3
2which converge for z < q*. Also, according to  V.A, Fok, the se rie s  
in ascending powers of q, fo r the L type mode say, and the se rie s  in  
descending powers of q fo r the same mode are equivalently  defined. The 
same is  also  true  of the m type mode s e r ie s . Although mathematically 
meaningful, the se rie s  so lu tions about the point q = CO w ill only be 
physically  meaningful in ce rta in  cases. This can be seen from equations 
9.22, 9 .5 , 6.3 and the analysis of section  6. I t  is  apparent th a t 
propagation only occurs a t  the po in t q = CO when ’a 5 is  in f in i te  or when 
CO ~ . However the la te r  case gives r is e  to  a non unique so lu tion
fo r the problem, since ft' i s  now zero and k is  in f in i te .
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SECTION 10
Having located the poles )JL and iQ in the lower h a lf  of complex V plane 
.we w ill r e s t r i c t  our a tte n tio n  to  the problem when CO l ie s  in  the upper 
propagating frequency range 6.28, so th a t the poles and given by 
equations 8.7 and 8.8 are such th a t  }Z = and y^ = ym . In addition , 
from the analysis of section  6, 1 < ^  in th is  frequency range and for 
the solutions given by equations 8.13 and 8.18 the contribution  from these 
poles w ill be considered.
For the contribution from the poles V/ and )TO which a r ise  when l4 /ka  
and Vm A a  l ie  hear un ity , see equations 9.-31 and 9.32, the Hankei 
function of argument kr may be replaced by the asymptotic expansion 3.7 
and the functions of argument ka must be represented asym ptotically in 
terms of Airy functions. Consequently from equation 8.13 there i s  the 
contribution
IFfi/l :ln r- I K ( r z-  dsy fa
e  y  ( k c i /3 ) e
x
c z  7 t a  yt* f r 2 -  c v ) ‘m
I yL ( 3 f/ z  +  6 0 -  e  +  c o s ' a / r  )  
e  _   _________
i<a.
z  J
<..
1/3 cxpCi'WJ) 9 A m \
/-tidily
s tn  )-LT
-  i (+3. + -  6-  cos
01 [d ;h i  Z T 1 -h i*
TOi__ 1/4 expbkF /3) 0 7li Zif)" .Sin TO /i
z  _ BS lAf(S)] \\
10.1
where the and are given by equations 9.24 and 9,26 respec tive ly , 
and since the Vu and fyu have negative imaginary p a rts  both se ries  
converge in  the region
r  l -  /Bo +  F/Z j-  COS a / r  Z  B <  Qc + 37C/Z -  COS / 10,2
v  */3As 1 < 0 and (ka/2) is  la rg e , the fac to r unity  in parenthesis under 
the summation sign may be neglected to  give the approximate contribution
JiL
z
i rr/iz
"JL h T l  ~JT J< <2L
e
■u<(rz  -  a 3-) 1/2
( r 1-  a 1) J/4 
i \>L, ( s x /z  t- &c -  6 + cos1 a / r )
"Ai'OD * 2. SinM.7T
V  (ii).
4- 7
_ -  i Vn ( ir(z  +' Ac 0 -- c<? 3 1 a / r )
\ e
[Ai ' A i W ' ,2 577? » T
m ii *%,
10.3
On comparison with 3.30 i t  appears th a t the f i r s t  se rie s  in  10,3
represents a d iffrac ted  f ie ld  with d iffra c tio n  c o e ffic ie n t D^ and.
tildecay constant 0CL fo r the L anticlockw ise mode given by 
- ir r /t i
~ “  i c r  d.z *>
■
J 5 7T 3 k \
Si a = 3 t
and
I /*/6 . „ <
a L = e  ( k & / z y *  a. a,
This d iffrac ted  f ie ld  a r ise s  from th a t surface ray which tra v e ls  a n t i­
clockwise round the cy linder from the poin t of glancing incidence a t 
(80 + njz) , shedding d iffra c te d  rays in to  a l l  regions. S im ilarly the
second se rie s  in 10.3 represen ts a d iffrac ted  f ie ld  with d iffra c tio n
f fchco e ffic ien t Dm and decay constant <%mfor the m clockwise mode, and 
th is  d iffrac ted  f ie ld  a r ise s  from the surface ray which tra v e ls  clockwise 
'round the cylinder from the point of glancing incidence a t (0O + 3Il/i) , 
shedding d iffrac ted  rays in to  a l l  regions. However when
r /a  -  i •V3 10.4
it is  not possible to  use the  asymptotic expanse on 3 . 1 when w riting down 
the contribution  from those modes. Instead- the Hankel function of- 
argument kr in  8.13 may be - represented asym ptotically in terms of Airy 
functions so th a t the con tribu tion  for these modes, under condition 
10.4, is
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-  ‘ 7T/3
<e s' (i<cL/z)’to
x
i d  (37T/Z +  Bo -  e )
AU'tO f  i -^ ^ n < a ~ |!/3 e x p (U w /3 ) j_
L UJ */
iVU ( I f c F & o - e )
A im .i
AiCit)
sm vj\
m
I+15 A)'(S) ’
L/wo)J
s m  Vm4
i f=«iU
As before, th is  contribution  may be approximated to  give the contribution
10.5
V 6
i VT (377IX + Oo -  e )
X M (30  5 A 'c a r Sin H7T
L 3v _/\ ‘ CaX
“t
~ i 2 m ( / T / X  . y O o ~ Q )
e
v>
Al (iJin) 0 " A i ' u j y S  tO )4» /l
AiC LO. il^ rn
10.6
which converges in  the region
Bo ~t 7V./Z ^ 0 7  0 O + 37T/Z . 10.7
Clearly the phase and amplitude of the clockwise and anticlockw ise f ie ld s  
in  10.3 and 10.6 are d is t in c t  because in general the modes L and hq 
are not the same. However th is  w ill not be the case when is  zero for 
then 5 i s  in f in i te  and ijf ~ t in  which case we have the iso tro p ic  
problem.
Of p a r tic u la r  in te re s t  in  10.1 is  the anticlockwise f ie ld ,  a ris in g  from 
the L type modes, which su ffe rs  diminishing attenuation  in  the shadow 
region of the cylinder as q increases. This is  because the attenuating 
fac to r is  proportional to  the imaginary p a rt of )JL which, from equation 
9.31, has been shown to  have a decreasingly small imaginary p a rt 
as q increases. Sim ilarly  the clockwise f ie ld ,  which a rise s  from the m 
type, inodes, su ffers  increasing attenuation  in the shadow’ region as q increases 
Consequently the clockwise f ie ld  becomes less  s ig n ifican t than the a n t i­
clockwise f ie ld , as q increases, in  the shadow region.
When cj_ is  large the anticlockw ise f ie ld  a rise s  from the mode where \)L 
i s  given by equation 9.20, and the contribution  may be w ritten
1 7T $ ka. exp  
('gx - i  j 3/z
~ Z Ki X dL 1 -i- 1 4- “ r Hu, ( k r ) 6  lo .s
L3 Y3 5Y3 J . 577? > V
For the nature of th is  con tribu tion  we note th a t because i s almost 
re a l i t  follows th a t when r  > b say, where
% Cl
c y - ‘. y ~  ’
then | VJ <. kr and the Hankel function in 10. 8 may be replaced by the 
asymptotic expansion A.16 so th a t the contribution  may be w ritten
I7T/4
-  e  . z  yet exp
/-2 ■
1 -fy l •••
X e x p  [' A. W z  i ' ec-  e  + cos1 W r ) -  Wt( r - & ) A] e
n
Since ^  has a very small negative imaginary p a rt th is  i s  s lig h tly  
attenuated in  the region
n ( Z  + A c  -h  C O S 1 b / r  < G
Sim ilarly when Y /b  then vV/kr l ie s  near unity  and the Hankel 
function in  10,8 must be replaced by the asymptotic expansion A.32 to 
rew rite the contribution  in  the form
x  ? ry  k a, exp
(6Z~ l)3/z
I <4— / # * *
V -  O 'A _ 3 Y 3 i? £ 3 _
x  2 [ & 1 e A ;(s) ft v| +&-<3)1 \ e
LkbJ ‘
n~o
i 7/3
where - 22 j~ X X3 ( /cp — vi) Q‘ i Y ? h
I 7T/3 iXVc-TTn
V< b
kb
I 4*73
/3(Vt-kr) e J> r  - b ;
and this is slightly attenuated in the region
' 7 T / Z  O o  z  O
Further, unless
I i -  r / b  | -  O I  ( k b / .  1 ,
then w ill be la rge , and when r  > b the Airy function in  10.12 may be 
replaced by the asymptotic expansion A.13. Accordingly the 
contribution may be w ritten
f * / + _
-  e  « /t  2 J<i3l exp  
(~x ~ - 7 ) W
i -h 1 •+■•*-“
_ 0 -  0 VZ TO*3 S i 5
K TO. " e x p 1 z TO" t e ( i < r - y j 3/r
TObj 3 J < b
e
T A T - k b y W
n= o
fo r r  > b. Also i t  fol3.ows from equations 9.18 and 10.9, where <B is  
sm all, th a t
{ K r  -  TO ) ^ z  e c  { K r -  /cfo)3/a+ i e  3  { k r ~  k k > ) > l / x  7
X
in  which case i t  i s  ea s ily  v e rified  th a t the contribution  3.0.17 is  
s lig h tly  attenuated in  the region
+ 2  + 0 O + (r / b - \ y /:i _
Although th is  region of a ttenuation  has been obtained for F/b~ I i t  may 
be deduced from the region of a ttenuation  10.11, where i t  i s  im p lic it 
th a t r /b  f t  I , by neglecting terms of the order [_AA (  1 b/?~y/ *’J ^
in  10.11.
With respect to  the case when r  < b i t  may be th a t condition 10.16 is  
s a tis f ie d  in the region a <_ .r b because of the proximity o f* 'b ' to  '
Consequently ’y ' might not he large in  which case the Airy function 
in 10.12 may not be expanded asym ptotically. This w ill c lea rly  depend 
on the value of X which re la te s  *b' and 'a ' ,  and from equation 10.9 
i t  follows th a t when I then d./b I , in which case condition
3.0,16 is  almost ce rta in ly  s a tis f ie d  in  the region a <_ r  b. However, 
for those values of ft' which permit ‘y 1 to  be large in- the region 
a < r  <_ b, the Airy function in  10.12 may be replaced by the asymptotic 
expansion A.14. The con tribu tion  may then be w ritten
~ i rjf( 2 X k  H__  exp -X'Xkd, ! .4- ■1 + "
/Vz-  i) - v _ 3 Z 3 5 S s
X j S f  [ z r / x r x . - k r ) s u ~
K b .3  0+1
fo r r  < b. and since
k r ) w »  ( k b - k r f f —
10.19
i t  follows th a t  when r  < b th e 'co n trib u tio n  represents a wave which, 
su ffe rs  . l i t t l e  a ttenuation  in  the region 10.15 as i t  propagates aaimuthally 
in  an anticlockwise fashion round the cylinder. Furthermore because 
the con tribu tion  decreases exponentially as r  approaches b the surface 
wave is  trapped near the cy linder.
F ina lly  i f  r  is  such th a t Y /‘o ">k j in  the region r  < b ths Hankel function 
in 10,8 must be-replaced by the asymptotic expansion A.22 so th a t the 
con tribu tion  10.19 gives way to
} 2 (27TK)U £d. _  expfU * k a
3*'
+ i + —
6 S'5 J
i 2 \ iT n
■ * exK>D vL0*/z+ 6c > - e ) t (<hcosln'b/ r  - k ( b * ~ r 3') ,ul  V * e.
(  h Z~ Y 2) ‘/A Z-..r
n-o
This is  the form of the previously mentioned anticlockw ise surface wave 
which a rise s  when r  is  less  than b but not too close to  *b‘ . As before 
i t  -is attenuated in  the region 10,15 and decreases exponentially as 
r  approaches b„
10,20
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With respect to  the con tribu tion  from the terms on the r ig h t hand side 
of equation 8.18 the contribution  from the se ries  w ill be the same as ■ 
the contribution  from the se rie s  in equation 8.13, except fo r the 
d iffe re n t trigonom etric fac to rs . Therefore by analogy with re su lts
10.1 and 10.5 we have the contribution
e  t  ( m
i k( TO- cizy /z
( Z T T k y t *  ( r x-  aa) ,/4 
— r vy. C tt/2 +  0  — 00 -  c o s 1 a / r )
OiKXir j - 2 " i j< TO%Xp6'27T/3)J)'A '/c W SiH Q7TTO J ,ai ca)J
- CCS a / r )
e
W /r i« F 7 -f 'feexpCU/rfeJjl r Ai'TOT Sin >T '
U . • -  05 .AiYaJL/V)
where both se rie s  are attenuated in  the region
10.21
Q 0 -  3 vt/ 2  - t c o s ' d / r  b  q  l 6 c+ l n / : i  - c o s  '&./}■r  I 10.
and near the caustic  r  = a, where condition 10.4 is  s a tis f ie d , th is  
contribution  must be w ritten
. ~ f 7X15 , i/*IC x ( K d / Z ) {z ■
t% (7T/X +  e  -  Oo)
ex
A,'(Sl )
**" i
e
i -  2 X 
f 5 r/x
i<&
TO.
+
'> exp  TO77T/3) 9 
0?
>- 0 )
ITOiTO)"
-ATOyX
S/n ATT
AicTOn.) TO M l l/J expC’Z/i/s) d
TO> TO‘)j
j Sin R.r.TT7
m
where both se rie s  are attenuated in  the region
10.23
& o  3 7 T / . Z  z  e  z  e 0 4~ y r r l z  , 10.24
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As before, the con tribu tions 10.21 and 10,23 may be approximated by
and
-  i >7“/l
i e dL\'p '<2
7fJ
/6 e
i k ( r x- o £ y /z
x
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e
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e
' J Lds
(S7T
r w
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>ifl Vl/j
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10.25
10.26
respective ly , when l -< Y . The values of , Vtyi , i/c ana in  10.25 
and 10.26 may be deduced from equations 9.24, 9.26 and the ensuing analysis . 
The nature of the L and m. type modes in 10,25 and 10.26 has already 
been discussed. Also by analogy with 10.8 and the following analysis 
the con tribu tion  from the anticlockwise f ie ld  when q is  large is
i 7T Y k 1 exp
V -  i)3A
2/I<cL
V - O ’A 3 2r
"F ! a.
J W '
-] • K, (Ayj?. + 5 ~ 6?c)
Hvl (>r ) C __  > IO-27
S i r  vi/T
and because of the very small negative imaginary p a rt o f the root V/ , 
now given by equation 9,20, th is  is  s lig h tly  attenuatea in- the region
Go -  3/ f / U t  c o s ‘b / r  -4 6 10.28
-74-
when r > b,. and in the region
10.29
when r  < b.
The in f in i te  in te g ra l, H say, on the r ig h t hand side of equation 8.18 
i s  considered in  d e ta i l  in  Appendix D. I t  follows from the analysis 
of th is  appendix and in p a r tic u la r  from equations D .l, D.39 and D.86 
th a t
in  the illum inated region of the forward and backward h a lf  spaces on the 
sheet
The upper sign in the re fle c ted  wave term is  to  be taken in  the upper 
h a lf  space and the lower sign is  to  be taken in the lower h a lf  space. 
The penumbra regions
j k r  co$(&- &o) - i k ( x ' + d )
10.30
10.31
e  -  e 0 - 7r /z  - c a s ‘a . /r  = o  [ fK a /z ) " '73] 10.32
and
-  Oo -s;r/2 *h<os‘a/r « 0 [ 0<a/xf ,/5J 10.33
are excluded from the analysis , and when
the incident plane wave term in equation 10,30 is not present if q is large
F inally  for the sca tte rin g  and absorption co e ffic ien t we use equation E .1 9  
of appendix E and th erefo re  re tu rn  to  equation 8.18 to  ex trac t the 
sca tte red  f ie ld  component as r  co in  the d irec tio n  of the inciden t wave. 
The in f in i te  in te g ra l on 'the r ig h t hand side of equation 8.18 supplies 
the incident and sca tte red  f ie ld s , and the expression for the sca tte red  
wave component is  gi^en by D . 9 5  « For the modal terms on the r ig h t hand 
side of equation 8.18 the asymptotic expansion C ,9 7  is  used. Accordingly 
the sum of the sca tte rin g  and absorption co e ffic ien ts  is
H +rs = Re ; « r
“ / K  /i _, 
e  (sin VcTij
l a 7' K cl 5 Hi ' f x &r +  1
_
[ iL - p k a y y
ay Hv (kdj)
m
-  \ An /I
e Csm )Vtt
~6l<d
. av
2 + O
{<&
+ Cka/2 ) Vs [ x, (o) + x afc) + 1 - + r + (o)j 10
where X i (o ), I 2 (o), 1 3 (0 ) and Iq (o) are obtained from equations D.96,
D.97, D.90 and D.99 of appendix D.
T h e  m o s t  s i g n i f i c a n t  c o n t r i b u t i o n  f r o m  t h e  m o d a l  t e r m s  i n  e q u a t i o n  
1 0 , 3 5  a r i s e s  w h e n  t h e  a t t e n u a t i o n  i s  a t .  a  m in im u m , a n d  t h i s  w i l l  o c c u r -  
w h e n  t h e  a b s o l u t e  v a l u e  o f  t h e  n e g a t i v e  i m a g i n a r y  p a r t s  o f  \JL. a n d  \J tn
a r e  a t  a  m in im u m .  F r o m  e q u a t i o n  9 . 3 2  a n d  t h e  a n a l y s i s  f o r  t h e  v a l u e
z r r t ( q ) /  g i v e n  i n  t h e  s a m e  s e c t i o n ,  i t  f o l l o w s  t h a t  t h e  ’ m 1 t y p e  m o d e s  
i n  1 0 . 3 5  s u f f e r  a p p r e c i a b l e  a t t e n u a t i o n  f o r  a l l  q  a n d  t h e i r  c o n t r i b u t i o n  
m a y  t h e r e f o r e  b e  n e g l e c t e d ,  b e i n g  o f  t h e  o r d e r  e x p  / £ 'j1' *
S i m i l a r l y  f r o m  e q u a t i o n  9 . 3 1 '  a n d  t h e  a n a l y s i s  f o r  t h e  v a l u e  Z(Aq) i t  
f o l l o w s  t h a t  t h e  c o n t r i b u t i o n  f r o m  th e .  1 t y p e  m o d e s  i n  1 0 . 3 5  m a y  b e  
n e g l e c t e d  f o r  t h e  s a m e  r e a s o n  p r o v i d e d  q  i s  n o t  l a r g e .  W h e n  q  i s  l a r g e
t h e  c o n t r i b u t i o n  f r o m  t h e  1 t - '  t y p e  m o d e  m a y  s t i l l  b e  n e g l e c t e d ,  b u t  n o w  
f o r  t h e  f o l l o w i n g  r e a s o n s .  T h e  v a l u e  f o r  i s  n o w  g i v e n  b y  e q u a t i o n  
9 . 2 0 ,  a n d  u s i n g  e x p r e s s i o n  1 0 . 2 7 ,  t h e  f a r  f i e l d  c o n t r i b u t i o n  f o r  t h e  ' L'
t y p e  m o d e  i n  e q u a t i o n  1 0 . 3 5  w i l l  b e  w r i t t e n
Re < n r  i  e x p Z J J M :
7, > '3
H- I ft 
S
i VlF
c
S iri Vf/'
1.0
a n d  a l t h o u g h  n o t  a t t e n u a t e d  i n  t h e  s a m e  m a n n e r  a s  b e f o r e ,  i t  c a n  b e  s e e n ,
o n  c o m p a r i s o n  w i t h  t h e  s m a l l  q u a n t i t y  g i v e n  b y  e q u a t i o n  9 . 1 9 ,  t h a t  t h i s
i s  e x p o n e n t i a l l y  s m a l l  a n d  m a y  t h e r e f o r e  b e  n e g l e c t e d ,  b e i n g  o f  t h e  o r d e r
e x p  j j "  ^  • E s s e n t i a l l y  t h e n  t h e  m o d a l  t e r m s  o n  t h e  r i g h t
h a n d  s i d e  o f  e q u a t i o n  1 0 . 3 5  w i l l  b e  n e g l e c t e d .  I n  a d d i t i o n  t e r m s  o f  t h e  
_  |
o r d e r  ( k a )  w i l l  a l s o  b e  n e g l e c t e d , s o  t h a t
'01+0$ =  2  + (KA) Jke [  X, X3<a) + 14Aj)] 
2 ’13
I n  t h i s  e q u a t i o n
R e  [ j ,  (» ) ]  =
R t  [x ^ . (To>3 -= 
R e ' p V o ) ]  =
a n d
J  Re [ FCxexpO‘7173), q, )] d x  ,
o
oo
J  R e  [  e x p t - ' - i A / z )  G - c X V ]  d x  ,  
0
OD
! Ref F(x  exp6‘'T/3>5 - + ) ]  dx ,
Re [ x 4 (c)l = J  Ref exp(-tZn/?>) <F(x, 4 ) ]  dx ,
L - 1 o
w h e r e  F  a n d  G a r e  g i v e n  b y  e q u a t i o n s  D . 4 5  a n d  D . 4 6  o f  a p p e n d i x  D .
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T h e  a u t h o r  h a s  e v a l u a t e d  t h e s e  i n t e g r a l s  numerically, f o r  v a r i o u s  
v a l u e s  o f  t h e  p a r a m e t e r  q ,  a n d  o f f e r s  t h e  f o l l o w i n g  r e s u l t s  f o r  t h e  
s u m .
q
S um  =  R e  [ I i ( 0 ) +  1 2 ( 0 ) +  
1 3 ( 0 ) +  1 4 ( 0 ) ]
0 .0 - 1 . 0 8 0 9
0 .2 “ 0 . 7 1 4 7
0 .4 0 . 2 8 5 9  ■
0 .6 1 . 5 0 9 5
0 .8 2 . 3 6 0 2
1 . 0 2 . 4 8 4 6
1 .2 2 . 1 0 9 4
1 .4 1 . 5 7 9 6
1 .6 1 , 6 0 9 2
1 . 8 1 . 3 1 5 9
2 . 0 1 . 2 9 3 0
2 . 2 1 . 2 8 0 2
2 . 4 1 . 2 7 2 5
3 . 0 1 . 2 6 1 9
3 . 4 1 . 2 5 9 2
4 . 0 1 . 2 5 7 2
4 . 4 1 . 2 5 6 6
5 . 0 1 . 2 5 6 0
F u r t h e r ,  f o r  a  p e r f e c t  c o n d u c t o r ,  t h e  a b s o r p t i o n  c o e f f i c i e n t  0/  i n  
1 0 . 3 7  i s  z e r o .
I t  i s  o f  i n t e r e s t  t o  n o t e  t h a t  f o r  t h e  c a s e  w h e n  q  =  0 .0  t h e r e  i s  
a g r e e m e n t  w i t h  t h e  r e s u l t  g i v e n  b y  D , S .  J o n e s  [ s ] .
- 7 0 -
W e h e r e  c o n s i d e r  p r o p a g a t i o n  i n  t h e  l o w e r  f r e q u e n c y  r a n g e  6 . 2 7 ,  a n d  n o w  
M j  -  a n d  = \>L .
C o n s e q u e n t l y  f o r  p r o p a g a t i o n  w h e n  CJ{< CO < JL (21 >Tijfz ) ,  ( s e e  t a b l e  I ,  
s e c t i o n  6 ) ,  i t  i s  n o t  n e c e s s a r y  t o  r e p r o d u c e  t h e  a n a l y s i s  o f  s e c t i o n  1 0  
p e r t a i n i n g  t o  e q u a t i o n s  8 . 1 3  a n d  8 . 1 8 .  I n s t e a d ,  s i n c e  w e  s t i l l  h a v e  
i <  Y  i n  t h i s  f r e q u e n c y  r a n g e ,  t h e  a n a l y s i s  o f  s e c t i o n  1 0  w i l l  s u f f i c e  i f  
( 0 - 0 o ) i s  r e p l a c e d  b y  (211 +  0 o ~ 0 )  s o  t h a t  t h e  t e r m s  ' c l o c k w i s e '  a n d
c i n t i c l o c k w i s e  * a r e  i n t e r c h a n g e d .  I n  t h e  r e f l e c t e d  w a v e  t e r m  o f  t h e  
g e o m e t r i c a l  o p t i c s  c o n t r i b u t i o n  1 0 . 3 0 ,  t h e  u p p e r  s i g n  w i l l  n o w  b e  t a k e n  
(  j  i n  t h e  l o w e r  h a l f  s p a c e  a n d  t h e  l o w e r  s i g n  w i l l  b e  t a k e n  i n  t h e  u p p e r  h a l f
s p a c e ,  a n d  a s  b e f o r e  t h e  s u m  o f  t h e  s c a t t e r i n g  a n d  a b s o r p t i o n  c o e f f i c i e n t s  
i s  g i v e n  b y  e q u a t i o n  1 0 . 3 7 .  O n  c o m p a r i n g  p r o p a g a t i o n  i n  t h i s  f r e q u e n c y  
r a n g e  w i t h  p r o p a g a t i o n  i n  t h e  u p p e r  f r e q u e n c y  r a n g e  6 . 2 8 ,  t h e  v i r t u a l l y  
u n a t t e n u a t e d  s u r f a c e  w a v e  w h i c h  p r o p a g a t e s  i n  b o t h  c a s e s  w h e n  q  i s  l a r g e  
i s  o f  p a r t i c u l a r  i n t e r e s t .  F o r  t h e  u p p e r  f r e q u e n c y  r a n g e  t h e  s u r f a c e  
w a v e  i n  t h e  s h a d o w  r e g i o n  i s  o b t a i n e d  f r o m  e x p r e s s i o n  1 0 . 8 ,  a n d  i n  t h e  
i l l u m i n a t e d  r e g i o n ,  f r o m  e x p r e s s i o n  1 0 . 2 7 .  T h e  s u r f a c e  w a v e  a r i s e s  f r o m  
t h e  r e s i d u e  c o n t r i b u t i o n  a t  t h e  p o l e  g i v e n  b y  e q u a t i o n  9 . 2 0 ,  w h i c h  w i l l  
n o w  b e  w r i t t e n
V l =  d - i d J e 7  f  c  -  C f ^ e a Y ' l x  t
a n d  i t  h a s  t h e  p h a s e  v e l o c i t y  ( t o / y t ) , C o n s e q u e n t l y ,  f r o m  t h e  r e l e v a n t  
a n a l y s i s  o f  t h e  l a s t  s e c t i o n  a n d  f o r  p r o p a g a t i o n  i n  t h e  u p p e r  f r e q u e n c y  
r a n g e  w h e r e  6 |  <  1 ,  t h e  s u r f a c e  w a v e  p r o p a g a t e s  i n  a n  a n t i c l o c k w i s e  f a s h i o n  
w i t h  a  p h a s e  v e l o c i t y  g r e a t e r  t h a n  ( C / d . ) . O n  t h e  o t h e r  h a n d  f o r  
p r o p a g a t i o n '  i n  t h e  l o w e r  f r e q u e n c y  r a n g e  w h e r e  6 /  > 1 ,  t h e  c o r r e s p o n d i n g  
s u r f a c e  w a v e  p r o p a g a t e s  i n  a  c l o c k w i s e  f a s h i o n  w i t h  a  p h a s e  v e l o c i t y  l e s s  
t h a n  ( Cr/<2,) «
SE C TIO N  11
1 1 .1
F r o m  t a b l e s  I  a n d  I I  o f  s e c t i o n  6 i t  r e m a i n s  t o  e x a m i n e  e q u a t i o n s  8 , 1 3  
a n d  8 . 1 8  f o r  p r o p a g a t i o n  . in  t h e  f r e q u e n c y  r a n g e s  SI < CO < t f a  ( J 1  >  TV/Sz, ) 
a n d  iJ  j <  td < 6O 3  (S i  > F j lx ) , w h e r e  n o w  X  <  1 .
F o r  t h e  t e r m s  o n  t h e  r i g h t  h a n d  s i d e  o f  e q u a t i o n  8 . 1 3  w h i c h  a r i s e  w h e n  
y / k a  l i e s  n e a r  u n i t y ,  e x p r e s s i o n  1 0 . 1  i s  s u i t a b l e  p r o v i d e d  ( 6~ S 0 ) i s  
a g a i n  r e p l a c e d  b y  {211 +  0o - 0 )  . I n  a d d i t i o n  t h e r e  i s  a l s o  t h e  r e s i d u e  
c o n t r i b u t i o n  f r o m  t h e  p u r e l y  i m a g i n a r y  p o l e  , g i v e n  b y  e q u a t i o n  9,6, 
a n d  9.9, w h i c h  m a y  b e  w r i t t e n . .
,  iV m  / Z7T/Z + 0 o ~ 6 )  ~ j
I 2 "0 hVro (Hr) 6  (si n Am /I )
’& k TO 3 H'iXkdO
_ n 't o< a). 0~ Am
T h e  H a n k e i  f u n c t i o n s  i n  1 1 . 2  m a y  b e  r e p l a c e d  b y  t h e  a p p r o p r i a t e  a s y m p t o t i c  
e x p a n s i o n s  o f  a p p e n d i x  A .  T h e  a s y m p t o t i c  e x p a n s i o n  A . 4 7  { A . 4 8 )  c a n  o n l y  
b e  u s e d  f o r  t h e  f u n c t i o n  o f  a r g u m e n t  ' k a '  i f  X  g r e a t l y  e x c e e d s  ( l / S z ) ,  
a n d  t h i s  w i l l  n e v e r  b e  t h e  c a s e  f o r  X  < 1 ,  T h i s  r e a s o n i n g  a l s o  a p p l i e s  
t o  t h e  f u n c t i o n  o f  a r g u m e n t  ' k r 1 , a n d  s o  1 1 , 2  m a y  b e  r e p l a c e d  b y
-  I /1 /4
- e (A T T /k r ' fa  k b '  e x p  I ; J k b ' [ / -  if s i n f f 1 b '/O .]
a-**-)o + t r y r p M '  '  1
X CXp e-I/cl? r ( i-hb'Vra) ,/z-  b ' / f
L V . -LisInh k b 'K
w h e r e  TO -  / T O  /  ( I  -  A 2) ^ Z .
T h i s  c o n t r i b u t i o n  d e c r e a s e s  e x p o n e n t i a l l y  w i t h  i n c r e a s i n g  0 f o r  a l l
e  >• a
a n d . p r o v i d e d  k b '  i s  s u f f i c i e n t l y  l a r g e  i t  w i l l  a l w a y s  b e  e x p o n e n t i a l l y  
s m a l l .  F r o m  e q u a t i o n s  6 . 1 6  a n d  1 1 . 4  t h i s  w i l l  b e  t r u e  i f
-80-
i s  s u f f i c i e n t l y  l a r g e ,  a n d  t h i s  m a y  b e  a c h i e v e d  i n  t h e  p r o p a g a t i n g  
f r e q u e n c y  r a n g e  u n d e r  d i s c u s s i o n  p r o v i d e d  t h e  n o n  u n i q u e  c a s e  »  — 6 0 -  
i s  e x c l u d e d .  I n  g e n e r a l  t e r m s ,  1 1 , 3  r e p r e s e n t s  a  w a v e  w h i c h  i s  a t t e n u a t e d  
o n l y  a z i m u t h a l l y  w h i l s t  i t s  d i r e c t i o n  o f  p r o p a g a t i o n  v a r i e s  o n l y  w i t h  r .
S i m i l a r l y  f o r  t h e  t e r m s  o n  t h e  r i g h t  h a n d  s i d e  o f  e q u a t i o n  8 . 1 8  e x p r e s s i o n  
1 0 . 2 1  i s  s u i t a b l e  f o r  t h o s e  t e r m s  w h i c h  a r i s e  w h e n  v /k 4  l i e s  n e a r  u n i t y  
p r o v i d e d  ( 0 - 0 o ) i s  r e p l a c e d  b y  (2 H  +  0 £ > ~ 0 ) ,  a n d  t h e  c o n t r i b u t i o n  f r o m  t h e  
p u r e l y  i m a g i n a r y  p o l e  i s , ,  b y  a n a l o g y  w i t h  1 1 . 2  a n d  1 1 . 3 ,
- 1 7T/+
C C ITT/V r)  k
0 - * * )  ( i E ^ / r xy u
e x p  i 2k V  [ i  -  X sinh" 1 b V d J 1
11
f  J  .sin h kb' /T
w h i c h  i s  a t t e n u a t e d  i n  t h e  r e g i o n
a  > O a - V T f  \  11
T h e  g e o m e t r i c a l  o p t i c s  c o n t r i b u t i o n  i s  s u p p l i e d  b y  t h e  i n f i n i t e  i n t e g r a l  
i n  e q u a t i o n  8 . 1 8 ,  a n d  e x p r e s s i o n  1 0 . 3 0  w i l l  s u f f i c e  f o r  t h i s  p r o v i d e d  
t h e  s i g n  o f  y  i s  c h a n g e d .
F i n a l l y ,  t h e  s u m  o f  t h e  s c a t t e r i n g  a n d  a b s o r p t i o n  c o e f f i c i e n t ,  g i v e n  b y  
e q u a t i o n  1 0 . 3 7 ,  w i l l  p e r h a p s  h a v e  t o  b e  a m e n d e d  t o  t a k e  a c c o u n t  o f  t h e  
a p p r o p r i a t e  f a r  f i e l d  b e h a v i o u r  o f  t h e  r e s i d u e  c o n t r i b u t i o n  a t  t h e  
i m a g i n a r y  p o l e .  T h e r e f o r e  c o n s i d e r i n g  1 1 . 7  a s  r  ->- 0 0  a n d  0 -> 0O +  IT w e  
s e e  t h a t  t h e  a m e n d m e n t  i n  q u e s t i o n  i s  o f  t h e  o r d e r  e x p  ( ~ k b ' “3 n )  a n d  s o  
w i l l  b e  n e g l e c t e d .
I n  c o n c l u s i o n ,  i t  f o l l o w s  t h a t  i f  t h e  • d i r e c t i o n  o f  t h e  m a g n e t c s t a t i c  
f i e l d  i s  r e v e r s e d ,  t h e  g y r o m a g n e t i c  f r e q u e n c y ,  a n d  h e n c e  ,  c h a n g e  s i g n .  
W h e n  t h i s  o c c u r s  i n  t h e  p r e v i o u s  a n a l y s i s  t h e  w a v e s  w h i c h  h i t h e r t o  
p r o p a g a t e d  i n  a  c l o c k w i s e  f a s h i o n  now? p r o p a g a t e  i n  a n  a n t i c l o c k w i s e  
f a s h i o n ,  a n d  v i c e  v e r s a ,  a n d  t h e  g e o m e t r i c a l  o p t i c s  f i e l d  i s  a c c o r d i n g l y  
m o d i f i e d .
I t  h a s  b e e n  p o i n t e d  o u t  b y  W . E .  W i l l i a m s  a n d  l a t t e r l y  b y  I , L *  G .  C h a m b e r s  
[ 2 0 ]  t h a t  t h e  p r o b l e m  f o r  p r o p a g a t i o n  o f  t h e  H - p o l a r i z e d  f i e l d  w h e n  ! +  X 
i s  a n a l o g o u s  t o  t h e  h y d r o d y n a m i c  b o u n d a r y  v a l u e  p r o b l e m  f o r  t h e  s c a t t e r i n g  
o f  l o n g  g r a v i t y  w a v e s  b y  a  c l o s e d  b o u n d a r y  o n  a  r o t a t i n g  e a r t h .  H e r e  
t h e  u n k n o w n  q u a n t i t y ,  £  s a y ,  i s  t h e  e l e v a t i o n  a n d  X '  ^ / S l , XI i s  t h e  
C o r i o l i s  p a r a m e t e r  .2Do Bind p 0Jo i s  t h e  a n g u l a r  v e l o c i t y  o f  t h e  
e a r t h ,  c t  i s  t h e  n o r t h  l a t i t u d e  a n d  k 2 ( uJ~SLz  ) g h ^ w h e r e  h  i s  t h e  
s e a  d e p t h  -  a s s u m e d  u n i f o r m .
*02-
A P P E N D IX  A .
T h e  d e r i v a t i o n  o f  t h e  u n i f o r m l y  v a l i d  a s y m p t o t i c  e x p a n s i o n s  f o r  B e s s e l  
f u n c t i o n s ' o f  l a r g e  o r d e r  V  a n d  l a r g e  a r g u m e n t  z ,  u s e d  i n  t h i s  a n d  s i m i l a r  
h i g h  f r e q u e n c y  d i f f r a c t i o n  p r o b l e m s  i s  g i v e n  i n  d e t a i l  b y  D . S .  J o n e s  [ s ]  
w h o  e m p lo y s  t h e  W kB  m e t h o d  a n d  m e t h o d s  d u e  t o  L a n g e r  t o  o b t a i n  t h e m .
T h e  s a m e  a s y m p t o t i c  e x p a n s i o n s  a r e  a l s o  f o u n d  i n  G . N .  W a t s o n ' s  [ l 4 ]  w o r k ,  
w h o  u s e s  t h e  m e t h o d  o f  s t e e p e s t  d e s c e n t -  t o  o b t a i n  t h e m  d i r e c t  f r o m  t h e  
c o m p l e x  i n t e g r a l s  w h i c h  d e f i x i e  t h e  c y l i n d e r  f u n c t i o n s .  W h e n  t h e  o r d e r  
i s  m u c h  g r e a t e r  t h a n  t h e  a r g u m e n t  t h e  a s y m p t o t i c  e x p a n s i o n s  c a n  b e  
o b t a i n e d  u s i n g  a  m e t h o d  d u e  t o  D . S .  C o h e n  [ 9 ] .  T h e  r e s u l t s  o f  D . S .  J o n e s  
[ 8 ]  a n a l y s i s  w h i c h  a r e  n e c e s s a r y  f o r  t h i s  p r o b l e m  a r e  r e p r o d u c e d  h e r e .  
P a r t i c u l a r  a t t e n t i o n  i s  g i v e n  t o  o b t a i n i n g  t h e  a s y m p t o t i c  e x p a n s i o n s  v a l i d  
w h e n  t h e  o r d e r  i s  m u c h  g r e a t e r  t h a n  t h e  a r g u m e n t  f o r  t h a t  r e g i o n  o n  t h e  
i n f i n i t e  s e m i c i r c l e  - I I  <  a r g  V  <  0 ,  w h e r e  - I I ^  -  6 <  a r g  V  < - 1 ^  +  6 .  T h i s  
i s  n e c e s s a r y  f o r  t h e  i n v e s t i g a t i o n  o f  a  c e r t a i n  i n t e g r a l  a t  a l l  p o i n t s  
o n  t h e  i n f i n i t e  s e m i c i r c l e ,  t h i s  i n t e g r a l  a r i s i n g  w h e n  t h e  W a t s o n  
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r u n n i n g  f r o m  r i g h t  t o  l e f t  j u s t  a b o v e  t h e  p o s i t i v e  r e a l  a x i s .  F u r t h e r  
E  a n d  E ? m a y  b e  c l o s e d  b y  t h e  r e a l  a x i s  a n d  t h e  n e c e s s a r y  p a r t  o f  t h e  
i m a g i n a r y  a x i s  t o g e t h e r  w i t h  t h e  c o n t o u r s  a t  i n f i n i t y  i n  t h e  1 s t  a n d  
4 t h  q u a d r a n t s  l y i n g  b e t w e e n  E  a n d  E 1 . T h e  c o n t r i b u t i o n s  a l o n g  t h e  
i m a g i n a r y  a x i s , ‘ a f t e r  u s i n g  e q u a t i o n s  2 . 4  f o r  a r g u m e n t  V , c a n c e l  o n e  
a n o t h e r .  F o r  t h e  c o n t o u r s  a t  i n f i n i t y *  l y i n g  b e t w e e n  E  a n d  E 1 t a k e  
F y { k a , k r )  a s  g i v e n  b y  e q u a t i o n  C . 4 ,  t h e n  s i n c e  I n i  0 7 )  i s  c o n s t a n t  o n  E  
a n d  E ' ,  a n d  t h e r e f o r e  b o u n d e d  o n  t h e  c o n t o u r s  a t  i n f i n i t y ,  t h e  a s y m p t o t i c  
e x p a n s i o n s  A . 4 1 ,  A . 4 2 ,  A . 4 4  a n d  A . 4 5  o f  a p p e n d i x  A  i n d i c a t e  t h a t  t h e r e  
i s  n o  c o n t r i b u t i o n  a l o n g  t h e s e  c o n t o u r s  f o r  a l l  v a l u e s  o f  y .  T h i s  l e a v e s  
o n l y  t h e  c o n t r i b u t i o n s  a l o n g  t h e  r e a l  a x i s  a n d  t h e  r e s i d u e  t h e o r e m  f o r  
t h e s e  c l o s u r e s  g i v e s > f r o m  C . 6  7
co
X  ~  \ i-v(ketjer) e  c o S V f ' d V .  , f  > O . c.7
T o  e v a l u a t e  I  u s i n g  a s y m p t o t i c  m e t h o d s  w e  f i r s t  w r i t e  I  i n  t h e  f o r m
35/ -f~ . 1 0  f  • / -  ^ C . 8
w h e r e
f j  _ /v 'tfa
/  I Hi (fadX. = /  L lfcr)+ -H $fcr)2  6  cos v y  ci v  , c.9
c/
o
kd,
i  Y '/x
X :x -  — I H jC kr)  e  cos Y f  d v  , c .io
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i « l
± 3  =  ~  j  b j C K d )  H y C k r )  &  c o s  v'ft  o V  c . n
o
a n d
co
r, .
Xj. = -  J !3v (kS)Hv(kr) e  cos v ' f  d y ’ . c .12
nd .
H e r e  b y ( k a )  i s  g i v e n  b y  e q u a t i o n  C . 3  a n d  B l2( k a ) .  i s  g i v e n  b y  e q u a t i o n  
C .  5
N e x t  t h e  f u n c t i o n s  i n  t h e  i n t e g r a n d s  o f  l ' x ,  l £ ,  1 3 a n d  I q  a r e  r e p l a c e d  
b y  t h e  a s y m p t o t i c  e x p a n s i o n s  o f  a p p e n d i x  A  a p p r o p r i a t e  t o  t h e  r a n g e s  
o f  v a l u e s  f o r  a r g  V .
A s  t h e  a s y m p t o t i c  e x p a n s i o n s  A . 1 6  -  A , 2 5  o f  a p p e n d i x  A  a r e .  n o t  v a l i d  
w h e n  c o n d i t i o n  A . 3 6  i s  s a t i s f i e d  w e  f i r s t  e v a l u a t e  t h e  c o n t r i b u t i o n s  
f r o m  t h o s e  i n t e g r a l s  o u t s i d e  t h e  r a n g e s  o f  v a l u e s  o f  a r g  V f o r  w h i c h
\ V - k r \  -O  [ ( k r / z f f a  C.X3
a n d  / / , _  c . 1 4
| y - k a , \  =  o  [ ( i « a / + - s J
T h i s  a l s o  i m p l i e s  t a k i n g
v ■“ 72./-S •+ S
T  -  /  TO c’k d f a z )  " C .  1 5
dL
w h e n  b o t h  c o n d i t i o n s  C . 1 3  a n d  C . 1 4  h o l d  s i m u l t a n e o u s l y ,  w h e r e  6 i s  a n
a r b i t r a r y  p o s i t i v e  c o n s t a n t .  T h e  m e t h o d  m o s t  s u i t e d  t o  a n  e v a l u a t i o n
o f  t h e s e  i n t e g r a l s  i s  t h e  m e t h o d  o f  ' s t a t i o n a r y  p h a s e  ( s e e  E . T .  C o p s o n  [ l 5 ] )
w h i c h  e v a l u a t e s  i n t e g r a l s  o f  t h e  t y p e  •' 
b
/x c r  fame.') , c.ie\J 2
(I
w h e r e  g ( x )  i s  a  r e a l  f u n c t i o n  o f  t h e  r e a l  v a r i a b l e  x  a n d  f ( X )  i s  r e g u l a r . '  
E s s e n t i a l l y , t h e  m o s t  s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h i s  i n t e g r a l  a r i s e s  
f r o m  t h e  n e i g h b o u r h o o d  o f  t h o s e  p o i n t s ,  c a l l e d  s t a t i o n a r y  p o i n t s ,  w h e r e  
g * ( x )  =  0 .  I f  t h e r e  i s  o n e  s t a t i o n a r y  p o i n t  x o  s a y  s u c h  t h a t  a  < x o  <  b
ie 6<)
? f x )
-95-
t h e  f u n c t i o n s  f ( x )  a n d  g ( x )  a r e  e x p a n d e d  a b o u t  t h e  s t a t i o n a r y  p o i n t  t o  
g i v e  t h e  c o n t r i b u t i o n
2 J L /O f , )  e
i  t - j ( X c )A 'V -f
17T
w h o r e  g "  -•  } g u f Q w h e n  g "  < 0 .  I f  t h e r e  i s  m o r e  t h a n  o n e  
s t a t i o n a r y  p o i n t  w i t h i n  t h e  r a n g e  o f  i n t e g r a t i o n  t h e r e  w i l l  b e  s i m i l a r  
c o n t r i b u t i o n s  t o  c o n s i d e r .  F o r  a n y  s t a t i o n a r y  p o i n t  l y i n g  o u t s i d e  t h e
r “ 1 -i
r a n g e  o f  i n t e g r a t i o n  t h e  c o n t r i b u t i o n  c a n  b e  s h o w n  t o  b e  0 [ t  j  w h i c h  
c a n  b e  n e g l e c t e d ,  a n d  w h e n  t h e  s t a t i o n a r y  p o i n t  l i e s  a t  a n  e n d  p o i n t  o f  
t h e  r a n g e  o f  i n t e g r a t i o n  t h e  c o n t r i b u t i o n  C . 1 7  m u s t  b e  h a l v e d .
C  o n s i d e r  f i r s t  I j ,  f r o m  C . 9  t h i s  w i l l  b e  w r i t t e n
JI, ~  Xj, .Ti*.
w h e r e
Z i  - LHf> ( k r )  -r C k r )  J  q  c o s  c h }
a n d
CO
C  — ■ x /V>*^
X ~ /a  — j  2  3 y ( K r )  0  c a s V i f  cJu
p r
a n d  n o w  I , ' ,  a n d  I  ^  w i l l  b e  c o n s i d e r e d  i n  t u r n .
F o r  I n  m a k e  t h e  c h a n g e  o f  v a r i a b l e  =  k r  c o s  3 w h e r e  3 i s  p o s i t i v e
a n d  a c u t e  a n d  t h e n  r e p l a c e  t h e  H a n k e l  f u n c t i o n s  i n  t h e  i n t e g r a n d  b y  t h e
a s y m p t o t i c  e x p a n s i o n s  A . 1 6  a n d  A . I S .  T h i s  g i v e s
7 /2
x , ; ~ l\r
27T
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f t/3 )
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o
i'Kr<\(-fi)i-i'/ru i/<r h{-y)-'r i /!/ f  1 f
+ e  A e  '  J  d / 3
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S i n  p  -  c c s p > . ( A  -  A L  -  V . )
C .17
C .  1 8  
C . 1 9  
C. 20
C ,  2 1
C . 22
C. 23
* 9 6 “
a n d  h (/$) ~  Sin j3  -  c'OS/3 . (^ 8  ~  4 ^  V j )  C .  2 4
T h e  i n t e g r a l  i n  e q u a t i o n  C . 2 1  i s  n o w  i n  a  f o r m  w h i c h  p e r m i t s  e v a l u a t i o n  
b y  t h e  m e t h o d  o f  s t a t i o n a r y  p h a s e  ( s e e  C .1 .6 )  a n d  t h e r e  a r e  f o u r  
s t a t i o n a r y  p o i n t s  t o  c o n s i d e r .  T h e  t e r m s  i n v o l v i n g  h ( B ) ,  h ( ~ B ) ,
g ( B )  a n d  g ( - B )  h a v e  t h e  s t a t i o n a r y  p o i n t s
f i t  -  (  H z  "  y )  C . 2 5
P>X -  —  C  %  ~  y )  C .  2 6
/ ^ 3  -  ( t y z + y )  C .  2 7
=■ { F/fi I fy  r e s p e c t i v e l y .  C s 2 8a n d
O n l y  o n e  o f  t h e s e  s t a t i o n a r y  p o i n t s  w i l l  b e  w i t h i n  t h e  r a n g e  o f
i n t e g r a t i o n  ( 0 , 1/ 2 ) g i v i n g  t h e  p l a n e  w a v e  c o n t r i b u t i o n  e x p  ( i  k r  c o s y O .
I n  t h e  f o r w a r d  h a l f  s p a c e  > Ij<i t h e  p l a n e  w a v e  c o n t r i b u t i o n  a r i s e s  
f r o m  t h e  s t a t i o n a r y  p o i n t  3 2 a n ^  t h e  c o n t r i b u t i o n  f r o m  t h e  r e m a i n i n g  
s t a t i o n a r y  p o i n t s ,  s i n c e  t h e y  l i e  o u t s i d e  t h e  r a n g e  o f  i n t e g r a t i o n ,  
m a y  b e  n e g l e c t e d .
S i m i l a r l y  f o r  t h e  b a c k w a r d  h a l f  s p a c e  <TXji t h e  p l a n e  w a v e  c o n t r i b u t i o n  
a r i s e s  f r o m  t h e  s t a t i o n a r y  p o i n t  B i  ,  e x c e p t  w h e n  ys  =  C .  W h e n  t h i s  i s  
t h e  c a s e  B i l i e s  a t  t h e  e n d  p o i n t  o f  t h e  r a n g e  o f  i n t e g r a t i o n  a n d  s o  
t h e  p l a n e  w a v e  c o n t r i b u t i o n  m u s t  b e  h a l v e d .  H o w e v e r  63 w i l l  n o w  a l s o  
l i e  a t  t h e -  e n d  p o i n t .  I^> o f  t h e  r a n g e  o f  i n t e g r a t i o n  g i v i n g  h a l f  t h e  
p l a n s  w a v e  c o n t r i b u t i o n ,  a n d  s o  w h e n  ~ 0 t h e  p l a n e  w a v e  c o n t r i b u t i o n
a r i s e s  f r o m  t h e  s t a t i o n a r y  p o i n t s  3 i  a n d  3 3 .
T h e r e f o r e  w e  h a v e  f o r  I i i  f r o m  C . 2 1
X / , ' ^  e x p  ( ( k r  cos f f )  c .29
i n  t h e  f o r w a r d  a n d  b a c k w a r d  h a l f  s p c ic e s .
N o w  f o r  I £2 t h e  B e s s e l  f u n c t i o n  i n  t h e  i n t e g r a n d  o f  e q u a t i o n  C . 2 0  m a y  
b e  r e p l a c e d  b y  t h e  a s y m p t o t i c  e x p a n s i o n  A . 2 4 - w h i c h  d e c r e a s e s  *
e x p o n e n t i a l l y  w i t h  i n c r e a s i n g  V  , a n d  s o  . t h e  c o n t r i b u t i o n  f r o m  1 32 w i l l  
b e  n e g l e c t e d  i n  c o m p a r i s o n  w i t h  t h e  c o n t r i b u t i o n  f r o m  I 13 « T h e r e f o r e  
f r o m  C . 1 8  a n d  C . 2 9
X ,  ~  e x p  ( i k r  cos i f )  C .  3 0
i n  t h e  f o r w a r d  a n d  b a c k w a r d  h a l f  s p a c e s .
S e c o n d l y  c o n s i d e r  I 2 .  M a k i n g  t h e  s a m e  c h a n g e  o f  v a r i a b l e  a s  f o r  I 31 
a n d  r e p l a c i n g  t h e  K a n k e l  f u n c t i o n  i n  t h e  i n t e g r a n d  o f  e q u a t i o n  C . 1 0  
b y  t h e  a s y m p t o t i c  e x p a n s i o n  A . 1 6  g i v e s
yrA  ’
” f<)r ' i l
2 X 7 U
c o a '+ r
' f iVfg('-/3)-rl Vf iKT h ( - £ ) - t - W i - l  ,
L e  + e  J  , C . 3 1
w h e r e  f ( 0 ) ,  g ( P )  a n d  h ( 3 )  a r e  g i v e n  b y  C . 2 2 ,  C . 2 3  a n d  C . 2 4 .  E x c e p t  
f o r  t h e  c h a n g e  i n  s i g n  a n d  d i f f e r e n c e  i n  l o w e r  l i m i t  t h e  s t a t i o n a r y  
p h a s e  e v a l u a t i o n  f o r  t h i s  i n t e g r a l  i s  c o n t a i n e d  i n  t h e  a n a l y s i s  g i v e n  
f o r  t h e  i n t e g r a l  i n  e q u a t i o n  C . 2 1 .  T h e  t w o  s t a t i o n a r y  p o i n t s  a r e  B2 
a n d  31+ a n d  s i n c e  n e v e r  l i e s  i n  t h e  r a n g e  o f  i n t e g r a t i o n  ( c o s 1 a / r , I j 4 ) 
t h e  m o s t  s i g n i f i c a n t  c o n t r i b u t i o n  a r i s e s  w h e n  t h e  s t a t i o n a r y  p o i n t  3 2 
l i e s  i n  t h e  r a n g e  o f  i n t e g r a t i o n .  T h e r e f o r e
X^^ — CXjO(ikr cos Y )  C. 3 2
f o r  c o s  X V  'C- ~~ ( c / x  ~ jC / 1/2 ,
C l e a r l y  i f  b o t h  s t a t i o n a r y  p o i n t s  62 a n(3- 3 ^  l i e  o u t s i d e  t h e  r a n g e  o f  
i n t e g r a t i o n  ( c o s ^ a / r t h e n  t h e  c o n t r i b u t i o n  f r o m  I 2 m a y  b e  n e g l e c t e d  
i n  c o m p a r i s o n  s a y  w i t h  t h e  c o n t r i b u t i o n  f r o m  I 3 . T h e r e f o r e  w h e n  
c o n s i d e r e d  w i t h  t h e  c o n t r i b u t i o n  f r o m  1 3 ,  ( s e e  C . 3 0 )  t h e  c o n t r i b u t i o n  f r o m  
1 2 ( s e e  C . 3 2 )  r e p r e s e n t s  t h e  c u t t i n g  o f f  e f f e c t  o f  t h e  p l a n e  w a v e  d u e  
t o  t h e  p r e s e n c e  o f  t h e  c y l i n d e r .
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T h i r d l y  c o n s i d e r  I 3 . A g a i n  m a k i n g  t h e  s a m e  c h a n g e  o f  v a r i a b l e  a s  f o r  
I ] q  a n d  r e p l a c i n g  t h e  H a n k e i  f u n c t i o n s  i .11 t h e  i n t e g r a n d  b y  t h e  
a s y m p t o t i c  e x p a n s i o n s -  A . 1 6  -  A . 1 9  g i v e s
7172,
" 1 i<r G (s) H er H(/.
e  + e± 3  v  - e
fa  _
k r
&
r  r  
F t / S )  _
TO 77 0
d/3
c o s ' f f r
w h e r e
Ft/) = ( s w f t ) a ■Zi t A  X  l< 0_z r - e os / ’i / d f  
Z / k C l S c a sN / cL * ) :A
a n d
■G<( f i )  •- 2  co s p , ^ d l  s e c  f i -  i j  —X c o s p , cos { r c c s f t ) —sio f t -f cosp , ,  (faxa+ 4)
~ TO605/?,{ d } s e c /3  -  / j ) T o  cos/3. cosx£ fco s0 \ -S in/3 -tcosp.Cp+Tc- p )
T h e  t e r m s  i n v o l v i n g  G ( 3 )  a n d  H ( 3 )  h a v e  s t a t i o n a r y  p o i n t s  g i v e n  b y
2  c o d  ( r  cos fis /d.) = /3g+-y-t-'V2
a n d  2  c o s  (. A cos f y / + )  — /??. -  7 7 /1  r e s p e c t i v e l y ,
w h i c h  w i l l  b e  w r i t t e n
a n d
TO . -  /  «  “  s r/3  V ' )
TO V ^ c o j f y  ~  I -  -  sen C/S6 ~ Y )
T h e  s t a t i o n a r y  p o i n t  c a n  b e  g i v e n  a  g e o m e t r i c a l  i n t e r p r e t a t i o n ,  f o r
f r o m  f i g u r e  C . I  w e  h a v e  t h e  r e l a t i o n s
rcos ( Y -  ?r/z )  "  y + d  cosC f/.z -  tocvi' y / i )
a n d  rS jO  ( fa -f- cof ,1 Y/ot. — n / z  )  -  J  Sir) ( f a x  ~ C ob Y/d.)
C .  3 4
C .  3 5  
C‘ . 3 6
C ,  3 7  
C .  3 8
C .  3 9  
C .  4 0
f i g u r e  C . 1
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H e r e  ' y 1 i s  t h e  o r d i n a t e  o f  a  p o i n t  o f  r e f l e c t i o n  o n  t h e  c y l i n d e r  
r e l a t i v e  t o  t h e  a x i s  o f  t h e  i n c i d e n t  f i e l d  a n d  ' d '  i s  t h e  d i s t a n c e  f r o m  
t h e  p o i n t  o f  r e f l e c t i o n  t o  t h e  p o i n t  o f  o b s e r v a t i o n .  E l i m i n a t i o n  o f  
1 d 1 e v e n t u a l l y  g i v e s
2  c o s 1 ( y / d )  -  c o s 1 C Y/'r) -  Vy -F 77 x
w h i c h  o n  c o m p a r i s o n  w i t h  C . 3 8  g i v e s
/%  =  < :o s '(Y / C .  4 1
C l e a r l y  t h i s  s t a t i o n a r y  p o i n t  l i e s  w i t h i n  t h e  r a n g e  o f  i n t e g r a t i o n
( c o s  a / r ,  I I ^ )  a n d  w r i t i n g  ( a 2 -  y 2 ) =  -x ' ' , w h e r e  x / i s  t h e  a b s c i s s a  o f
9 2 h
t h e  p o i n t  o f  r e f l e c t i o n  o n  t h e  c y l i n d e r ,  i t  f o l l o w s  t h a t  ( r ~  -  y  )
=  - x /  +  d , a n d  t h e n  t h e  c o n t r i b u t i o n  m a y  b e  w r i t t e n
-  i K d x A c J )
1 ... * ........
h
l a -  Red .  i iV z  +■ i X/ KX/  _
C .  4 2
T h e  s t a t i o n a r y  p o i n t  3 s  d o e s  n o t  l i e  w i t h i n  t h e  r a n g e  o f  i n t e g r a t i o n  
( c o s  a / r , H 2 )  s i n c e  f r o m  C . 3 9  a n d  C . 4 0
C ,  4 3
a n d  s o  t h e  c o n t r i b u t i o n  f r o m  3 s m a y  b e  n e g l e c t e d ,  e x c e p t  w h e n  Yy = 0 .
C l e a r l y  t h e  u p p e r  s i g n  m u s t  b e  t a k e n  i n  e q u a t i o n  C . 4 3  s i n c e  w h e n  ■= O 
t h e n  y  -  0  a n d  f r o m  C . 4 1  3,$ =  hjz r  k u t  w h e n  =  0  i n  C . 3 7  a n d  C . 3 8  
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w h e r e  f ( 8 ) ,  g ( 3 )  a n d  h ( 8) a r e  g i v e n  b y  C . 2 2 ,  C . 2 3  a n d  C . 2 4 .
T h e  t e r m  i n v o l v i n g  h ( - - 8 ) i n  b o t h  t h o s e  e x p r e s s i o n s  s u p p l i e s  t h e  s t a t i o n a r y  
p o i n t  82’/ a n ^  a l l o w i n g  f o r  t h e  c h a n g e  o f  v a r i a b l e  V  =  k r  co sy?  i n  t h e  c a s e  
u n d e r  d i s c u s s i o n  ( s e e  C . 6 4 )  i t  f o l l o w s  f r o m  C . 6 5  t h a t  t h i s  s t a t i o n a r y  
p o i n t  l i e s  n e a r  t h e  e n d  p o i n t :  O o f  t h e  r a n g e  o f  i n t e g r a t i o n  ( 0 , x ( ) .  T h e  
t e r m  i n v o l v i n g  g ( - 6) i n  b o t h  t h e s e  e x p r e s s i o n s ,  s u p p l i e s  t h e  s t a t i o n a r y  p o i n t  
8q w h i c h  d o e s  n o t  l i e  w i t h i n  t h e  r a n g e  o f  i n t e g r a t i o n ,  a n d  s o  p r o v i d e s  
a  n e g l i g i b l e  c o n t r i b u t i o n  i n  c o m p a r i s o n  w i t h  t h e  c o n t r i b u t i o n  f r o m  t h e  
s t a t i o n a r y  p o i n t  8 2 • T h e r e f o r e  c o n s i d e r i n g  o n l y  t h e  c o n t r i b u t i o n  f r o m  
t h e  t e r m  i n v o l v i n g  l i ( - 8 ) a n d  e x p a n d i n g  t h e  f u n c t i o n s  o f  8 i n  t h e  i n t e g r a n d  
a b o u t  t h e  s t a t i o n a r y  p o i n t  82 Et  f o l l o w s  f r o m  C . 7 2  a n d  C . 7 3  t h a t  t h e  
c o n t r i b u t i o n  t o  I 3 a n d  I q  i n  t h e  r a n g e  o f  i n t e g r a t i o n  C . 1 4  m a y  b e  w r i t t e n ,  
a f t e r  a  1 1 t r i e  m a n i p u l a t i o n ,  a s
d  A  for J- 3 C . 7 4
O
a n d
d X  fee - - 6 4 C .  7 5
a
where z - r  cos f a , C r 76
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and 3 is  r e la t e d  to  x in  th e  manner
/cr kci I = X ( kd/z) C . 77
N o w  i t  w i l l  b e  r e c a l l e d  f r o m  t h e  p r e v i o u s  a n a l y s i s  f o r  1 3 a n d  I i ,  ( s e e  
C . 3 3  a n d  C . 4 5  e t c . ) ,  w h e n  t h e  g e o m e t r i c a l  o p t i c s  c o n t r i b u t i o n  w a s  o b t a i n e d ,  
t h a t  t h e r e  w e r e  o t h e r  s t a t i o n a r y  p o i n t s  w h i c h  g a v e  a  n e g l i g i b l e  
c o n t r i b u t i o n  i n  t h e  p e n u m b r a  r e g i o n  e v e n  t h o u g h  t h e  f u n c t i o n s  o f  a r g u m e n t  
k a  w e r e  r e p l a c e d  b y  t h e i r  D e b y e  a s y m p t o t i c  e x p a n s i o n s .  T h e s e  c o n t r i b u t i o n s  
m a y  s t i l l  b e  n e g l e c t e d  i n  c o m p a r i s o n  w i t h  t h e  c o n t r i b u t i o n s  t o  1 3 a n d  I i ,  
g i v e n  b y  C . 7 4  a n d  C . 7 5  a n d  t h e r e f o r e  w e  h a v e
r
I 3 + r 4 -
- /  k'za-i 'r/ 4
M ' /3-  e e  /
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X,
&Ct) e
1 H t )  e
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d t C . 7 8
i n  t h e  p e n u m b r a  r e g i o n  C . 6 1 ,  a n d  i t  r e m a i n s  t o  e x p r e s s  3 e x p l i c i t l y  i n  
t e r m s  o f  x .  T h i s  i s  o b t a i n e d  f r o m  e q u a t i o n  C . 7 7 ,  f o r  s i n c e  x  i s  n o t  
. l a r g e  i n  t h e  r a n g e  o f  i n t e g r a t i o n  a n  a p p r o x i m a t e  v a l u e  f o r  3 i s  g i v e n  b y
jS -  cds 1 &jr | »  X ( i < c i / x ) s i n  ( cos 1 CVX)
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a n d  i n  t h e  p e n u m b r a  r e g i o n  C . 6 1  t h i s  m a y  b e  f u r t h e r  a p p r o x i m a t e d  b y
p  ~ cos * <V / X ( k d - l x ) 1* ) ' C . 7 9
w h e r e  2 i s  g i v e n  b y  e q u a t i o n  C . 7 6 .  A f t e r  s u b s t i t u t i n g  t h e  a p p r o p r i a t e  
v a l u e s  f o r  3 i n  e q u a t i o n  C . 7 8 y t h e  r a n g e  o f  i n t e g r a t i o n  f o r  t h e  i n t e g r a l  
c o n t a i n i n g  F ( x )  m a y  b e  e x t e n d e d  t o  i n f i n i t y  w i t h o u t  a l t e r i n g  t h e  
c o n v e r g e n c e  o f  t h e  i n t e g r a l ,  b e c a u s e  o f  t h e  e x p o n e n t i a l l y  d e c r e a s i n g  
b e h a v i o u r  o f  t h e  A i r y  f u n c t i o n s  i n  F ( x )  f o r  l a r g e  x .  T h e  i n t e g r a l  . 
c o n t a i n i n g  G ( x )  m a y  b e  s i m i l a r l y  t r e a t e d  a n d  i n  o r d e r  t o  s e c u r e  
c o n v e r g e n c e  t h e  c o n t o u r  m a y  b e  d e f o r m e d  i n t o  o n e  a l o n g  t h e  r a y  e x p ( i l l / 3 )  
[8 ]  ,  ' •
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Then from  C .78
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C .85
a n d  82 b a s  b e e n  r e p l a c e d  b y  i t s  v a l u e  f r o m  e q u a t i o n  C . 2 6 .
" 1 1 0 *
m u s t  b e  t a k e n  o f  t h e  i n t e g r a l  I 2 ( s e e  C . 3 1 )  w h e n  t h e  d o m i n a n t  c o n t r i b u t i n g
-3
s t a t i o n a r y  p o i n t  82 l i e s  n e a r  t h e  e n d  p o i n t  c o s  a / r  o f  t h e  r a n g e  o f  
i n t e g r a t i o n .  ' T h e r e f o r e  f r o m  C . 3 1  f o r  I 2 a n d  t h e  e n s u i n g  a n a l y s i s  w e  
c o n s i d e r  o n l y  t h e  t e r m  i n v o l v i n g  h ( ~ 8 ) w h i c h  s u p p l i e s  t h e  s t a t i o n a r y  
p o i n t  8 2 /  t h e  r e m a i n i n g  t e r m  g i v e s  a  n e g l i g i b l e  c o n t r i b u t i o n  a s  b e f o r e .
I n  a d d i t i o n ,  s i n c e  t h e  c o n t r i b u t i o n  f r o m  I 2 a c c o u n t s  f o r  t h e  c u t t i n g  o f f  
e f f e c t  o f  t h e  i n c i d e n t  p l a n e  w a v e  d u e  t o  t h e  p r e s e n c e  o f  t h e  c y l i n d e r ,  
t h i s  t e r m  w i l l  b e  c o n s i d e r e d  a l o n g  w i t h  t h e  s i m i l a r  t e r m  f r o m  1 ^  ( s e e
C .2 .1  f o r  I  ^ ) w h i c h  s u p p l i e s  t h e  i n c i d e n t  f i e l d  i n  t h e  f o r w a r d  h a l f  
s p a c e .  T h e  c o n t r i b u t i o n  f r o m  t h e  r e m a i n i n g  t e r m s  o f  1 ^  m a y  b e  n e g l e c t e d  
a s  b e f o r e  a n d  t h e r e f o r e .
E’o r  th e  shadow boundary e f f e c t  o f  th e  in c id e n t  f i e l d ,  s p e c ia l c a re
x , t*Xa ^ K r
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n e a r  t h e  s h a d o w  b o u n d a r y .  T h i s  w i l l  b e  w r i t t e n  a s
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w h e r e  82 i s  t h e  s t a t i o n a r y  p o i n t  o f  t h e  i n t e g r a n d  l y i n g  n e a r  c o s  a / r  a n d  
. i n . t h e  u s u a l  w a y  t h e  f i r s t  i n t e g r a l  s u p p l i e s  t h e  c o n t r i b u t i o n
t /cZ
ez C .  88
w h e r e  z  i s  g i v e n  b y  e q u a t i o n  C . 7 6 *  F o r  t h e  s e c o n d  i n t e g r a l  t h e  f u n c t i o n s  
a r e  e x p a n d e d  a b o u t  t h e  s t a t i o n a r y  p o i n t  82 b u t  t h e  r a n g e  o f  i n t e g r a t i o n  
c a n n o t  b e  m a d e  i n f i n i t e  b e c a u s e  o f  t h e  p r o x i m i t y  o f  82 1 °  c o s  d a / r .  
T h e r e f o r e  a f t e r  t h e  c h a n g e  o f  v a r i a b l e  t / n  =  ( k z )  2(8 - 82 ) w e  o b t a i n  t h e  
c o n t r i b u t i o n
* U<% -hi 77/4 
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w h e r e J < ( t ) i s  t h e  F r e s n e l  i n t e g r a l
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and x is  g iv e n  by e q u a tio n  C .8 5 . From C .8 7 , C .8S and C .89
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a n d  t h e r e f o r e  f r o m  C . 8 ,  C . 8 0  a n d  C . 9 1  t h e  c o n t r i b u t i o n  o f  I  i n  t h e  
p e n u m b r a  r e g i o n
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H e r e  z ,  H i  ( f o g ) ,  H 2 ( £ ,  r j)  ,  V r £  a n d  K ( t )  a r e  g i v e n  b y  e q u a t i o n s  C . 7 6 ,
C . 8 1 ,  C . 8 2 ,  C . 8 3 ,  C . 8 4  a n d  C . 9 0  r e s p e c t i v e l y ,  a n d  F ( x ) ,  G {>:) a r e  g i v e n  
b y  e q u a t i o n s  C .68  a n d  C . 6 9 .  I t  w i l l  b e  r e m e m b e r e d  t h a t  t h r o u g h o u t  t h e  
a n a l y s i s  c o n d i t i o n  C . 1 4  h a s  b e e n  s a t i s f i e d  a n d  s i n c e  t h e  a s y m p t o t i c  
e x p a n s i o n  A . 1 6  f o r  a r g u m e n t  k r  h a s  a l s o  b e e n  u s e d ,  t h e n  c o n d i t i o n  C . 1 3  
a n d  c o n s e q u e n t l y ' c o n d i t i o n  C . 1 5  i s  s a t i s f i e d .  T h e r e f o r e  t h e  a b o v e  
e x p r e s s i o n  f o r  I  i s  n o t  v a l i d  i n  t h e  p e n u m b r a  r e g i o n  n e a r  t h e  p o i n t  o f  
g l a n c i n g  i n c i d e n c e .  I n  f a c t  f r o m  C . 1 5 ,  C . 6 1  a n d  C . 7 6  w e  m u s t  h a v e
a KdJ " ' f t *  e c.9:
2/ J
i n  t h e  p e n u m b r a  r e g i o n ,  w h e r e  £  i s  a n  a r b i t r a r y  p o s i t i v e  c o n s t a n t .  
F u r t h e r ,  a p a r t  f r o m  t h e  f a c t  t h a t  t h e  f u n c t i o n s  o f  a r g u m e n t  k a  i n  t h e  
i n t e g r a n d s  o f  I 3 a n d  I 4 c a n  n o t  b e  e x p a n d e d  a s y m p t o t i c a l l y  u s i n g  t h e  
a s y m p t o t i c  e x p a n s i o n s  A . 1 6  -  A . 2 5  f o r  a  n o n - n e g l i g i b l e  c o n t r i b u t i o n  i n  
t h e  p e n u m b r a  r e g i o n ,  w e  c a n n o t  h a v e  r  a n d  t h e r e f o r e  z  t o o  l a r g e  i n  t h e  
p e n u m b r a  r e g i o n ,  b e c a u s e  t h e n  t h e  a s y m p t o t i c  e x p a n s i o n  A . 1 6  f o r  t h e
f u n c t i o n  o f  a r g u m e n t  k r  w o u l d  a l s o  b e  i n v a l i d .  W h e n  t h i s  i s  t h e  c a s e  
t h e  a s y m p t o t i c  e x p a n s i o n  v a l i d  w h e n  t h e  a r g u m e n t  i s  m u c h  g r e a t e r  t h a n  . 
t h e  o r d e r  w o u l d  h a v e  t o  b e  u s e d ,  a n d  t h e n ' t h e  q u e s t i o n  o f  d e t e r m i n i n g  
s t a t i o n a r y  p o i n t s  w o u l d  n o t  a r i s e .  T h e r e f o r e  a n  u p p e r  b o u n d  m u s t  b e  
im p o s e d  u p o n  z  i n  o r d e r  t h a t  t h e  c o n t r i b u t i o n  C . 9 2  f o r  X b e  v i a b l e ,  
a n d  t h i s  i s  o b t a i n e d  f r o m  C . 6 1  a n d  C . 7 6 .  I f  r  i s  l a r g e  i n  t h e s e  
e q u a t i o n s  t h e n
. % '  ct 0 [  ( / < a / i ) /s  ]  1
w h i c h  i s  l a r g e ,  a n d  w h e n  z  h a s  t h i s  v a l u e  i n  t h e  p e n u m b r a  r e g i o n  t h e n  r
i s  a l s o  l a r g e .  C l e a r l y  t h i s  v a l u e  o f  z  i s  s u f f i c i e n t l y  l a r g e  b o
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n u l l i f y  t h e  c o n t r i b u t i o n  C . 9 2  f o r  I  b e c a u s e  t h e n  c o s  a / r  IIf t  a n d  
s o  f r o m  C . 6 4  t h e  d o m i n a n t  c o n t r i b u t i n g  s t a t i o n a r y  p o i n t  69 a l s o  l i e s  n e a r  
Up. B u t  t h i s  i s  p r e c i s e l y  w h e r e  t h e  a s y m p t o t i c  e x p a n s i o n  A . 1 6  f o r  
a r g u m e n t  k r ,  i m p l i c i t l y  u s e d  i n  o b t a i n i n g  C . 9 2 ,  i s  i n v a l i d .  T h e r e f o r e  
f r o m  C . 9 3  a n d  C . 9 4  t h e  c o n t r i b u t i o n  C . 9 2  f o r  I  i s  v a l i d  i n  t h e  p e n u m b r a  
r e g i o n  w h e n
cl f<ci ~ k d ' ll'b C . 9 5
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F r o m  C . 6 1  w i t h  r  l a r g e ,  d t  n o w  r e m a i n s  t o  d e t e r m i n e  t h e  c o n t r i b u t i o n  o f  
I  i n  t h e  r e g i o n
-  O r -  y )  -r A .  -  0  \ ( k d . / 2, ) "  V* ]  C . 9 6
T h e  i n t e g r a l  1 ^  c o n t i n u e s  t o  s u p p l y  t h e  i n c i d e n t  p l a n e  wave  e x p ( - i k z )  
i n  t h e  f o r w a r d  h a l f  s p a c e  j u > I f y ,  a s  b e f o r e .  F o r  1 2 /  s i n c e  r  i s  n o w  
l a r g e ,  t h e  a s y m p t b t i c  e x p a n s i o n s  e m p lo y e d  i n  C . 3 1  a r e  i n v a l i d  f o r  r e a s o n s  
a l r e a d y  g i v e n .  I n s t e a d  w e  u s e  t h e  a s y m p t o t i c  e x p a n s i o n
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F o r  t h e  c o n t r i b u t i o n s  f r o m  1 3 a n d  I q  i -n  t h e  r e g i o n  C . 9 6 ,  t h e  a n a l y s i s  
i s  t h e  s a m e  a s  t h a t  l e a d i n g  t o  C . 7 0  a n d  C . 7 1 ,  a n d  i n  v i e w  o f  t h e  p r e v i o u s  
c o n s i d e r a t i o n s  t h e  a s y m p t o t i c  e x p a n s i o n  C . 9 7  m u s t  b e  e m p l o y e d .  T h e n
f r o m  C . 7 0  a n d  C . 7 1 ,  a f t e r  s a f e l y  e x t e n d i n g  t h e  r a n g e  o f  i n t e g r a t i o n  t o  
i n f i n i t y  a n d  n e g l e c t i n g  t h e  c o n t r i b u t i o n  f r o m  t h e  r e m a i n i n g  s t a t i o n a r y  
p o i n t s  o f  I 3 a n d  I q  { s e e  C . 3 3  a n d  C . 4 5 )  a s  b e f o r e ,  w e  o b t a i n
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w h e r e  3 3  a n t i  H ^ jT ,  J  a r e  g i v e n  b y  e q u a t i o n s  C . 8 1  a n d  C . S 2 .  F u r t h e r  j, 
f r o m  D . S .  J o n e s  [ 8 0 ,  H / f / n + T )  ( k a / 2 ) ,/5 ,Q ]  m a y  b e  e v a l u a t e d  b y  W a t s o n s  le m m a  
s i n c e  ( I I  + y )  ( k a / 2 ) ^  i s  l a r g e  i n  t h e  r e g i o n  C . 9 6 .  T h e  r e s u l t i n g  
c o n t r i b u t i o n  i s  0 [  ( k a / 2 ) 1/3 ]  a n d  m a y  b e  n e g l e c t e d  i n  c o m p a r i s o n  w i t h  t h e  
c o n t r i b u t i o n  f r o m  f f y  C  ( I l - Y )  ( k a / 2 ) o j  , S i m i l a r l y  I f y  E f l l + Y )  ( k a / 2 ) ^ ,  C j  
m a y  a l s o  b e  n e g l e c t e d , '  a n d  s o  f r o m  C . 9 9
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m a y  b e  r e p l a c e d  b y  t h e  a s y m p t o t i c  e x p a n s i o n s  A .  3.6 -  A . 1 9 .  T h e  s t a t i o n a r y  
p o i n t s  w h i c h  a r i s e ,  85 a n d  86 s a Y /  a r e  g i v e n  b y
TO CoS rcos Ps
d.
-  /35 4- 5 n / z  f  0o — & D . 2 :
and
TO c o b  f  rc o s
C a-
e D . 2 4
T h e  s t a t i o n a r y  p o i n t  86 c a n  b e  g i v e n  t h e  u s u a l  g e o m e t r i c  i n t e r p r e t a t i o n
f i t cos  y /r D .  2 5
i n  t h e  u p p e r  h a l f  s p a c e  o f  t h e  s h e e t  60 <  0 <  0o +  211, w h e r e  y  i s  t h e  
o r d i n a t e  o f  a  p o i n t  o f  r e f l e c t i o n  o n  t h e  c y l i n d e r  r e l a t i v e  t o  t h e  a x i s  
o f  t h e  i n c i d e n t  f i e l d .  A l s o ,  s i n c e  8 5  = 0 6  ** 211, t h e  s t a t i o n a r y  p o i n t  
85 c a n  b e  g i v e n  t o  t h e  s a m e  g e o m e t r i c a l  i n t e r p r e t a t i o n  011 t h e  s h e e t  
60 +  211 < 0 < 0 o  +  411.. T h e  c o n t r i b u t i o n  i s
Ln
X X t ? hi
'h
' J
"  11\ C'X '4- d  )
y -  i 8 x '  [ e  
Y r  i "6 X' J
D .  2 6
2 2 - “
w h e r e  ( a  ~ y  ) 2 =  ~ x f a n d  1 d 1 i s  t h e  d i s t a n c e  f r o m  t h e  p o i n t  o f  r e f l e c t i o n  
o n  th e .  c y l i n d e r  t o  t h e  p o i n t  o f  o b s e r v a t i o n ,  a n d  t h i s  i s  u s e f u l  o n l y  i n  
t h e  i l l u m i n a t e d ,  r e g i o n  o f  t h e  u p p e r  h a l f  s p a c e .  I n  t h e  u s u a l  w a y  t h i s  
c o n t r i b u t i o n  i s  n o t  a c c e p t a b l e  i n  t h e  p e n u m b r a  r e g i o n
Q -  B c ~  7T/z  -  e n s ' d / r  = 0  [ Y  k c t / d ) ~ ^ ] D ,  2 7
o n  t h e  s h e e t  0o <  0 <  60+  211,  b e c a u s e  a t  t h e  c o n t r i b u t i n g  s t a t i o n a r y  
p o i n t  85 t h e  f u n c t i o n s  o f  a r g u m e n t  k a .  i n  t h e  i n t e g r a n d  o f  g i v e n
b y  e q u a t i o n  D . 1 5 ,  c a n n o t  b e  e x p a n d e d  a s y m p t o t i c a l l y  u s i n g  t h e  a s y m p t o t i c  
e x p a n s i o n s  A . 1 6  ~  A .  1 9  i n  t h i s  p e n u m b r a  r e g i o n .  S i m i l a r l y  t h i s  
c o n t r i b u t i o n  i s  n o t  a c c e p t a b l e  f r o n r  t h e  s t a t i o n a r y  p o i n t  85 i n  t h e  
p e n u m b r a  r e g i o n
o n  t h e  s h e e t  0 o  +  2H < 0 <-60  +  411 f o r  t h e  s a m e  r e a s o n s .
F o r  t h e  i n t e g r a l  t h e  B e s s e l  f u n c t i o n s  o f  a r g u m e n t  k a  i n  D v ( k a )  m a y  
b e  r e p l a c e d  b y  t h e  a s y m p t o t i c  e x p a n s i o n s  A . 2 4  a n d  A . 2 5 .  O n  t h e  o t h e r  
h a n d  t h e  H a n k e l  f u n c t i o n s  o f  t h e  s e c o n d  t y p e  i n  D ^ C k a )  m u s t  b e  r e p l a c e d  
b y  t h e  a s y m p t o t i c  e x p a n s i o n s  A . 2 6  a n d  A . 2 7  i n s t e a d  o f . t h e  u s u a l  a s y m p t o t i c  
e x p a n s i o n s  A . 2 2  a n d  A . 2 3 .  T h i s  i s  b e c a u s e  t o  u s e  t h e  l a t t e r  w h e n  q  
i s  l a r g e  ( q  i s  g i v e n  b y  e q u a t i o n  9 . 2 2 ) ,  w o u l d  i n v o l v e  h a v i n g  t o  f i n d  t h e  
c o n t r i b u t i o n  011 t h e  p a t h  o f  i n t e g r a t i o n  f r o m  t h e  a p p a r e n t  r e a l  
s i n g u l a r i t y  o f  D y ( k a )  g i v e n  b y  e q u a t i o n  9 , 1 2 .  I n  f a c t  t h i s  s i n g u l a r i t y  
h a s  a  s m a l l  i m a g i n a r y  p a f t  w h i c h  i s  g i v e n  i n  e q u a t i o n  9 . 2 0 .  F o r  t h e
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a r g u m e n t  k r  i n  D . 4 7  a n d  D . 4 8  w i l l  b e  r e p l a c e d  b y  t h e  a s y m p t o t i c  e x p a n s i o n  
A .  1 6  w i t h  V  =  k r  c o s  8 a s  b e f o r e .  W i t h  r e s p e c t  t .o  t h e  c o n t r i b u t i o n  
D , 4 7  t h e  A i r y  f u n c t i o n s  i n  F ( x , q )  m a y  b e  r e p l a c e d  b y  t h e  a s y m p t o t i c  
e x p a n s i o n s  A . 1 3  s o  t h a t  i n  p l a c e  o f  D . 4 7  w e  h a v e
1 2 6 -
1  k r  
- TC
co S' [(ki/r.) -  X < /<d/*)'/ %  )') 1 ]  
r  r ■kr’g te )  iK rh fts j- i
0 p [ e  ' r e  '  jd /3
co 5 ‘d /j
5 *for 17 i 3
*  Y ,al X A*.
w h e r e
-f 6S ) • ;- (sin  A i  ^  </ 7- r A 7,2
7 n  — i Y ’f  l- % -  /* x
=K/S) = 4  X -t- cos 4 .  Ah  +  6 o ~  S )  -  S M  /JV / 3 f r r
U C f  +- c o s / 3 . ( j i +  S o /jt , +  6 a-  &) -  sv/5 [3  
3 /< r r
a n d
/  -  F /cd  — k r  c c s f t  )  { /rd /R J * /3
T h e  s t a t i o n a r y  p o i n t s  w h i c h  a r i s e  a r e  g i v e n  b y  
‘3 /2 . .
£ \ - r c o s  &s
a n d
%
c l
I ~  lee s '
— 7* ST/Z . J~6c> — &
cl
7“ %  7- ©o -  6'
r  c o s  6
a n d  s i n c e  — — - —  1 t h e s e  e q u a t i o n s  a r e  b u t  a n  a p p r o x i m a t i o n  o f  t h e
a
e q u a t i o n s  D . 2 3  a n d  D . 2 4  r e s p e c t i v e l y .  C o n s e q u e n t l y  t h e  s t a t i o n a r y  
p o i n t  0 6  m a y  b e  g i v e n  t h e  s a m e  g e o m e t r i c a l  i n t e r p r e t a t i o n  D . 2 5  a s  
b e f o r e  b u t  n o w  f o r  y / a  1 , a n d  t h e  c o n t r i b u t i o n  i s
X / | 12 ' c i -  ; x x '. 
1 vj
ft1J _ cl 7- t ;6 x v „
e
tk C x '+ d )
D, 49
D .  5 0
D .  5 1
D .  5 2
D .  5 3
D ,  5 4
D .  5 5
D. 56
" 1 2 7 -
*5 "'5 2 2
w h e r e  n o w  x l ^  ( l ~ y / a ) . ‘ a n d  d  ^  x *  + ( r  ~ a ‘ ) . .T h e  s t a t i o n a r y
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I n  o rd e r  to  o b ta in  the  sum o f  th e  s c a t t e r in g  and a b s o rp t io n  c o e f f ic ie n t s  f o r  
p ro p a g a tio n  i n  a p lasm a w h ich  i s  c o l l i s io n '  f re e  (:he«  where 6 1 anti a re  
p u re ly  r e a l  » see s e c t io n  6) we adop t a p rocedu re  due to  D. S. Jones [8 ]  „
S ince the average e n e rg y  f lo w  a c ro ss  a c lo s e d  s u rfa c e  Sp o b ta in e d  from  the 
com plex p o y n t in g  v e c to r^  i s
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w h e r e  n  i s  t h e  o u t w a r d  n o r m a l  t o  S  a n d  *  d e n o t e s  t h e  c o m p l e x  c o n j u g a t e ,  
i t  f o l l o w s  t h a t  f o r  t h e  t w o  d i m e n s i o n a l  p r o b l e m  u n d e r  d i s c u s s i o n  t h e  
a v e r a g e  e n e r g y  f l o w  p e r  u n i t  l e n g t h  o f  t h e  z  a x i s  i s
JL Re
TO c
w h e r e  C  i s  a  c l o s e d  c u r v e  i n  t h e  t w o  d i m e n s i o n a l  p l a n e  a n d  n  i s  t h e  
o u t w a r d  n o r m a l  t o  C .
F o r  E  g i v e n  b y  e q u a t i o n  6 . 1 2  w e  h a v e
( £ A H * ) - n  X C e f - e i T '
i co Be
A
w h e r e  k  i s  a  u n i t  v e c t o r  i n  t h e  z  d i r e c t i o n .  U s i n g  t h e  v e c t o r  t r i p l e  
p r o d u c t  f o r m u l a  f o r  t h e  q u a n t i t y  i n  p a r e n t h e s i s  a n d  n o t i n g  t h a t  o n e  o f
A
t h e  t e r m s  i d e n t i c a l l y  v a n i s h e s  w h e n  t h e  d o t  p r o d u c t  w i t h  n  i s  t a k e n ,  l e a v e s
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N o w  w r i t i n g  k ^ n  =  S ,  w h e r e  S  i s  a  u n i t  v e c t o r  i n  t h e  t a n g e n t i a l
d i r e c t i o n  o n  C ,  j . t  f o l l o w s ,  a f t e r  i n t e r c h a n g i n g  t h e  d o t  a n d  c r o s s  i n
t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  e q u a t i o n  E , 4 ,  t h a t
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F r o m  E . 2  t h e  a v e r a g e  e n e r g y  f l o w  i s  t h e n
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a n d  t h e  a n a l y s i s  h e n c e f o r w a r d  i s  i d e n t i c a l  t o  t h a t  o f  D . S ,  J o n e s ,  w h e r e  
t h e  a b s o r p t i o n  c o e f f i c i e n t  Gj  a n d  t h e  s c a t t e r i n g  c o e f f i c i e n t  0$  a r e  
d e f i n e d  b y
( f t  ~  T o t a l  e n e r g y  a b s o r b e d  p e r  u n i t  l e n g t h •o f  c y l i n d e r  E , 7
E n e r g y  i n c i d e n t  o n  u n i t  l e n g t h  o f  c y l i n d e r
a n d
Q j  — T o t a l  e n e r g y  s c a t t e r e d  p e r  u n i t  l e n g t h  o f  c y l i n d e r  
E n e r g y  i n c i d e n t  o n  u n i t  l e n g t h  o f  c y l i n d e r
E . 8
A c c o r d i n g l y  f r o m  E . 6  w e  c o n s i d e r  a n '  e x p r e s s i o n  o f  t h e  f o r m
C a t '  & x)  f t /  LL Oil -j- ( 6 ;l Lif t  3th d s
0,](~o J  L d'G
w h e r e  u  s a t i s f i e s  t h e  r e d u c e d  w a v e  e q u a t i o n ,  a n d  w h e n  I I  =  S L  =  O  i t
f o l l o w s  f r o m  6 . 3  a n d  6 * 4  t h a t  6 ,  =  1  a n d  =  0 ,  a n d  t h e n  t h i s
e x p r e s s i o n  f o r  t h e  a v e r a g e  e n e r g y  f l o w  i s  t h e  s a m e  a s  t h a t  g i v e n  b y
D . S .  J o n e s  f o r  t h e  i s o t r o p i c  p r o b l e m .
F o r  a  p l a n e  w a v e ,  u ^  =  e x p  [ i  k r  c o s  ( 0  ~ 8 0 ) 3 d a y ,  i n c i d e n t  o n  t h e
c y l i n d e r ,  t h e  i n c i d e n t  e n e r g y  i s
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T h e  t o t a l  f i e l d ,  u  s a y ,  m a y  b’e  e x p r e s s e d  a s  t h e  s u m  o f  t h e  i n c i d e n t  f i e l d  
u ^  a n d  a  s c a t t e r e d  f i e l d  u 3 s a y ,  a n d  i f  C  i s  a  l a r g e  c i r c l e  w h i c h  
c o m p l e t e l y  e n c l o s e s  t h e  c r o s s  s e c t i o n  o f  t h e  c y l i n d e r ,  t h e n  E . 9  r e p r e s e n t s  
t h e  n e g a t i v e  o f  t h e  t o t a l  e n e r g y  a b s o r b e d  p e r  u n i t  l e n g t h  o f  t h e  c y l i n d e r .  
C o n s e q u e n t l y  f r o m  E „ 7 ,  E . 9  a n d  E . l l .
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S i n c e  t e r m s  o f  t h e  o r d e r  r  a r e  t o  b e  n e g l e c t e d  a s  r  -*• oo, t h e  t h i r d  
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1 6 .  H o l t ,  . . ,  a n d  H a s k e l l ,  . . ,  F o u n d a t i o n s  o f  P l a s m a  D y n a m i c s ,
1 7 ,  J u l l ,  E . V . ,  D i f f r a c t i o n  b y  a  c o n d u c t i n g  h a l f  p l a n e  i n  a n  a n i s o t r o p i c
p l a s m a ,  C a n a d .  J .  P h y s . 4 2 ,  1 4 5 5  ( 1 9 6 4 ) .
1 8 ,  F o k ,  V . A . , E l e c t r o m a g n e t i c  D i f f r a c t i o n  a n d  P r o p a g a t i o n  p r o b l e m s ,
P e r g a m o n  P r e s s ,  ( .1 9 6 5 )  p .  2 0 9 .
1 9 ,  W a i t ,  J . R . , W a v e s  C i r c u l a t i n g  A r o u n d  a  R i g i d  C y l i n d r i c a l  O b s t a c l e
i n  a  C o m p r e s s i b l e  P l a s m a ,  R a d i o  S c i e n c e  J o u r n a l  o f  
R e s e r c h ,  V o l .  6 9 D ,  N o .  4 ,  A p r i l  ( 1 9 6 5 ) .
2 0 .  C h a m b e r s ,  L L . G . ,  T w o  E l e c t r o m a g n e t i c  A n a l o g i e s  f o r  a  H y d r o d y n a m i c  
P r o b l e m .  Q u a r t .  A p p l .  M a t h .  2 6  ( 1 9 6 8 )  2 6 5 .
PART I I  (A)
L o w  f r e q u e n c y  d i f f r a c t i o n  o f  a  T r a n s v e r s e  E l e c t r i c  
( T E o ! ) f i e l d  b y  a  p e r f e c t l y  c o n d u c t i n g  c i r c u l a r  
d i s k  w h i c h  i s  l o c a t e d  s y m m e t r i c a l l y  i n  a  p e r f e c t l y  
. c o n d u c t i n g  c i r c u l a r  w a v e  g u i d e .
F r o m  t h e  t h e o r y  o f  e l e c t r o m a g n e t i c  w a v e  p r o p a g a t i o n  i n  p e r f e c t l y  c o n d u c t i n g  
w a v e  g u i d e s  a n y  e l e c t r o m a g n e t i c  f i e l d  i n  s u c h  a  w a v e  g u i d e  m a y  b e  e x p r e s s e d  
a s  t h e  s u m  o f  t w o  i n d e p e n d e n t  f i e l d s  p r o v i d e d  t h e  w a v e  g u i d e  i s  s i m p l y  
c o n n e c t e d .  O n e  o f  t h e s e  f i e l d s  h a s  n o  c o m p o n e n t  o f  t h e  e l e c t r i c  f i e l d  i n  
t h e  d i r e c t i o n  o f  p r o p a g a t i o n  a n d  i s  t h e r e f o r e  c a l l e d  a  t r a n s v e r s e  e l e c t r i c  
f i e l d  a n d  t h e  o t h e r ,  h a v i n g  n o  c o m p o n e n t  o f  t h e  m a g n e t i c  f i e l d  i n  t h e  
d i r e c t i o n  o f  p r o p a g a t i o n ,  i s  c a l l e d  a  t r a n s v e r s e  m a g n e t i c  f i e l d .
W h e n  a  p e r f e c t l y  c o n d u c t i n g  o b s t a c l e  i s  s i t u a t e d  i n  t h e  w a v e  g u i d e  t h e  
i n c i d e n t  f i e l d  m a y  s t i l l  b e  e x p r e s s e d  a s  t h e  s u m  o f  t w o  t r a n s v e r s e  f i e l d s  
b e c a u s e  u p  t o  t h e  s c a t t e r i n g  o b s t a c l e  t h e  w a v e  g u i d e  i s  s i m p l y  c o n n e c t e d .
T h e  i n c i d e n t  f i e l d  i n d u c e s  a  c u r r e n t  i n  t h e  o b s t a c l e  w h i c h  i n  t u r n  s u p p l i e s  
a  s c a t t e r e d  f i e l d .
H e r e  w e w i l l  c o n s i d e r  s u c h  a  s c a t t e r i n g  p r o b l e m  w h e n  a  p e r f e c t l y  c o n d u c t i n g  
c i r c u l a r  d i s k  o f  r a d i u s  ' a '  a n d  z e r o  t h i c k n e s s  i s  s y m m e t r i c a l l y  l o c a t e d  i n  
a  p e r f e c t l y  c o n d u c t i n g  c i r c u l a r  w a v e  g u i d e  o f  r a d i u s  ! b ’ . I n  p a r t i c u l a r ,  
c o n s i d e r a t i o n  w i l l  b e  g i v e n  t o  t h e  p r o b l e m  w h e n  a n  i n c i d e n t  t r a n s v e r s e  
e l e c t r i c  f i e l d  s t r i k e s  t h e  d i s k .  T h e  i n t e r i o r  o f  t h e  d i s k  l o a d e d  w a v e  g u i d e  
i s  a s s u m e d  t o  b e  f i l l e d  w i t h  a  d i e l e c t r i c . m a t e r i a l  w h i c h  i s  u n i f o r m  a n d  
i s o t r o p i c ,  w i t h  e l e c t r o m a g n e t i c  c o n s t a n t s  e  a n d  y .  T h r o u g h o u t  t h e  w o r k  a  
f i e l d  t i m e  v a r i a t i o n  o f  e x p  ( i i o t )  i s  a s s u m e d  a n d  a  c y l i n d r i c a l  p o l a r  
c o - o r d i n a t e  s y s t e m  ( p ,< J > ,z )  i s  a d o p t e d .  T h e  d i s k  i s  a s s u m e d  t o  o c c u p y
t h e  r e g i o n  z - o ,  o  P /  a ,  a n d  t h e  w a v e  g u i d e  i s  a s s u m e d  t o  c o n t a i n  t h e  
r e g i o n  - ° ° < z  < ro, o j*, P ^  b .
H a v i n g  f o r m u l a t e d  t h e  p r o b l e m  f o r  t h e  c a s e  w h e n  a  g e n e r a l  t r a n s v e r s e  e l e c t r i c  
( T E )  f i e l d  i s  i n c i d e n t  o n  t h e  d i s k ,  a t t e n t i o n  i s  s p e c i f i c a l l y  g i v e n  t o  t h e  
p r o b l e m  o f  o b t a i n i n g  t h e  f a r  s c a t t e r e d  T E o |  f i e l d  w h i c h  a r i s e s  w h e n  a  T E c I  
f i e l d  i s  i n c i d e n t  o n  t h e  d i s k ,  t h e r e b y  e n a b l i n g  a n  e q u i v a l e n t  c i r c u i t ,  w h i c h  
d e s c r i b e s  t h e  e f f e c t  o n  t h e  T E o |  m o d e ,  t o  b e  p r e s e n t e d .
INTRODUCTION
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f r o m  w h i c h  i t  f o l l o w s  t h a t
mJim = -Um + Amp"" and dym
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O F . I N T E G R A L  E Q U A T I O N S .
SECTION 2 -  REFORMULATION OF THE PROBLEM IN  TERMS
F o r  t h e  f u n c t i o n  Y m ( p , z )  s a t i s f y i n g  t h e  d i f f e r e n t i a l  e q u a t i o n  1 * 2 7 ,  w e  
f i r s t  d e f i n e
V ( p  ,<J),  z )  =  Y m ( p , z ) . c o s C m  <f>) • 2 .1
s o  t h a t  V  s a t i s f i e s  t h e  r e d u c e d  w a v e  e q u a t i o n
( V 2 +  k 2 ) V  ( P )  «  O , 2 .2
w h e r e  P  i s  t h e  f i e l d  p o i n t  ( p , < j > , z ) .
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( V 2 +  k 2 ) G ( P , 0 )  =  -411 6 ( P , Q ) 2 . 3
w i t h  . 3G  
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-  O o n  t h e  w a v e  g u i d e  w a l l , 2 . 4
w h e r e  Q i s  t h e  s o u r c e  p o i n t  ( p , <j>/z ^ ) .
A n  e x p l i c a t i o n  o f  G r e e n ' s  s e c o n d  t h e o r e m ,  f o r  t h e  f u n c t i o n s  G ( P , Q )  a n d  
V ( P ) ,  t o  t h e  c l o s e d  v o lu m e  b o u n d e d  b y  t h e  s u r f a c e s  o f  t h e  d i s k ,  t h e  w a v e  
g u i d e  w a l l s  a n d  t h e  e n d s  o f  t h e  w a v e  g u i d e  a t  i n f i n i t y  g i v e s
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i s  t h e  w a v e  g u i d e  s u r f a c e  0  <  <f> <_ 2 H ,  p =  b ,  a l l  z ,
2 i s  t h e  s u r f a c e  a t  t h e  c l o s e d  e n d  o f  t h e  w a v e  g u i d e  a t
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O n  p r e s e n t i n g ' t h e  G r e e n ' s  f u n c t i o n  i n  a  s u i t a b l e  f o r m  a n d  a t  t h e  s a m e  t i m e  
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W h e n  V ( p / f y / z ' )  i s  a n  e v e n  f u n c t i o n  o f  z '  i t  f o l l o w s  f r o m  e q u a t i o n s  
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We n o w  t e n t a t i v e l y  a s s u m e  f o r  t h e  G r e e n ' s  f u n c t i o n  G ( P , Q )  t h a t  <j> a n d  <§>' 
a p p e a r  i n  t h e  f o r m  (<j>-*cf>") ,  s o  t h a t
G(p,<f>,s;p;<J>;zQ = .G(p/ s?<|)-"<j)'*;p /z " )  = G(p , z \ < / “ <{>,*p ' , z ' )  .
O n  r e p l a c i n g  V ( p , ^ r z )  b y  i t s  r e p r e s e n t a t i o n  g i v e n  i n  e q u a t i o n  2 . 1  a n d  
e m p l o y i n g  t h e  r e s u l t
571"
( c o s f m  < f V ) .  G  ( o , z ;  <j>"-<{>; p / z " )  d<i>" ?= c o s ( m  <f>) Km  (p  , z ; p  ' , z ' )
cJo z?r
w h e r e  K m ( p , z ; p / z > ) =  c o s ( m  <J>) . G ( p , z ; < f > ; p / s " ) d < j )  ,
w e  o b t a i n  f r o m  e q u a t i o n s  2 . 1 4  a n d  2 . 1 3
a
Y m ( p , z )  = 1  3 Y m (p  ; z ' )  
2n 3 z "
Km  ( p , s ; p / o ) . p " d p
~  o
a
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J  4 n  3p  " ' p " =  b
-CP
w h e n  Y m ( p , z )  =  Y m ( p , ~ z ) .
S i m i l a r l y  f r o m  e q u a t i o n s  2 . 1 6  a n d  2 . 1 5  i t  f o l l o w s  t h a t
a
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F r o m  e q u a t i o n  2 . 2 1  a n d  e q u a t i o n  1 , 2 9  o f  t h e  p r e v i o u s  s e c t i o n ,  I T m ( p , z )  
m a y  b e  i d e n t i f i e d  w i t h  t h e  t e r m  Y m ( p , z )  s a t i s f y i n g  e q u a t i o n  2 . 2 0 .  
S i m i l a r l y  f r o m  e q u a t i o n  2 , 2 3  a n d  e q u a t i o n  1 . 2 9  o f  t h e  p r e v i o u s  s e c t i o n  
X m ( p , z )  i s  i d e n t i f i e d  w i t h  t h e  t e r m  Y m ( p , z )  s a t i s f y i n g  e q u a t i o n  2 , 2 2 .
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F u r t h e r ,  i m p o s i n g  t h e  b o u n d a r y  c o n d i t i o n s  1 . 2 8  o f  t h e  p r e v i o u s  s e c t i o n  
g i v e s  t h e  i n t e g r a l  e q u a t i o n s
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F o l l o w i n g  t h e  p r o c e d u r e  o f  C . J .  B o u w k a m p  [ 2] ,  e q u a t i o n  2 . 2 9  m a y  b e  
r e p l a c e d  b y  t h e  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n
d
(m + 1 )A r n + 1  p m =[~ 3 2  +  1 3 +  k 2 ~ j n 2
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I n  o r d e r  t o  d e t e r m i n e  t h e  F o u r i e r  c o m p o n e n t s  I I m ( p , z )  a n d  x r a { p , z ) ,  f r o m  
e q u a t i o n s  2 . 2 4  -  2 . 2 6 ,  i t  i s  f i r s t  n e c e s s a r y  t o  s o l v e  t h e  i n t e g r a l  
e q u a t i o n s  2 . 2 7 ,  2 . 2 8  a n d  2 . 3 0 .  E v i d e n t l y  t h e  F o u r i e r  c o m p o n e n t s  lira  a n d  
X jn -1  a r e  d e p e n d e n t  f o r  m >_ 1  a n d  f o r  t h e i r  d e t e r m i n a t i o n  o n e  w o u l d  f i r s t  
s e e k  s o l u t i o n s  t o  e q u a t i o n s  2 . 2 7  a n d  2 . 3 0 .  H o w e v e r  f r o m  h e r e  o n  
a t t e n t i o n  w i l l  b e  g i v e n  t o  t h e  d e t e r m i n a t i o n  o f  t h e  F o u r i e r  c o m p o n e n t  H o  
a n d  f o r  t h i s  w e m u s t  f i r s t  s e e k  a  s o l u t i o n  t o  e q u a t i o n  2 . 2 8 ,
F u r t h e r ,  t h e  i n c i d e n t  f i e l d  t e r m  U o  i n  2 . 2 8  w i l l  b e  c h o s e n  s o  t h a t  o n l y  
t h e  T E o l  m o d e  i s  i n c i d e n t  o n  t h e  d i s k  f r o m  t h e  l e f t .  I n  g e n e r a l  w e , 
h a v e  [ 6 j
U o ( p , z )  =  1  F  J o  ( A j  p )  e x p  ( ~ {  V q J  z )  r
bTn -. X7^~Jo (Ajb) " ■
J=1
2 . 3 ]
w h e r e  J o j  =  ( k ^ - X j . 2 ’f*  , A j  <  k ,
= -1 (Aj2 -  k 2) ^ ,  A j > k ,
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a n d  t h e  X j  ( 0  <  X j  <  X 2 < ...............) a r e  t h e  o r d e r e d  n o n  z e r o  t e r m s  f o r
w h i c h  J o ' * (  X j b )  =  0 .
F o r  t h e  c a s e  i n  h a n d  t h e n  w e  c h o o s e  X i  <  k  < X g  < . . . . . .  s o  t h a t  U o
i s  s i m p l y  g i v e n  b y
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H e r e  w e  c o n s i d e r  t h e  F r e d h o l m  i n t e g r a l  e q u a t i o n  o f  t h e  f i r s t  k i n d
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f o r  o  <_ p £  a ,  w h e r e
I T o ( p , o )  =  - U o  ( p , o )  +  A c 3 . 2
F o l l o w i n g  t h e  p r o c e d u r e  o f  W . E .  W i l l i a m s  [ 3]  t h i s  w i l l  b e  r e d u c e d  t o  a  
F r e d h o l m  i n t e g r a l  e q u a t i o n  o f  t h e  s e c o n d  k i n d  f o r  w h i c h  a n  a p p r o x i m a t e  
s o l u t i o n  m a y  b e  o b t a i n e d  w h e n  ;
( i )  t h e  p r o d u c t  k a  i s  s m a l l
a n d
( i i )  t h e  f a c t o r  ( a / b )  i s  e q u a l l y  s m a l l .
T h e  G r e e n ' s  f u n c t i o n  i n  e q u a t i o n  2 . 1 9  o f  t h e  p r e v i o u s  s e c t i o n  i s  f i r s t  
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T h i s  i n t e g r a l  e q u a t i o n  i s  n o w  r e d u c e d  t o  a  F x e d h o l n  i n t e g r a l  e q u a t i o n  
o f  t h e  s e c o n d  k i n d  i n  a  m a n n e r  p r e s c r i b e d  b y  W . E .  W i l l i a m s  [ s ] .  
F o l l o w i n g  h i s  p r e s c r i p t i o n  w e  o b t a i n  t h e  n e w  i n t e g r a l  e q u a t i o n
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W i t h «  =  k a ,  t h e  i n v e r s i o n  f o r m u l a e  f o r  t h e  a b o v e  e q u a t i o n s  a r e  g i v e n  b y  
W . E .  W i l l i a m s  [ 3 ]  . I n  a  s t r a i g h t f o r w a r d  m a n n e r  e q u a t i o n s  3 . 1 5  a n d
3 . 1 8  a r e  i n v e r t e d  t o  g i v e
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a n d  e q u a t i o n s  3 . 1 6  a n d  3 . 1 7  a r e  d o u b l y  i n v e r t e d  t o  g i v e
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T h e  f a c t o r s  H o  a n d  K o  a p p e a r i n g  u n d e r  t h e  i n t e g r a l  s i g n  i n  t h e s e  
e q u a t i o n s  a r e  r e p l a c e d  b y  t h e  i n t e g r a l  r e p r e s e n t a t i o n s  o f  e q u a t i o n s  
3 . 8  a n d  3 . 6  r e s p e c t i v e l y .  T h e  o r d e r  o f  i n t e g r a t i o n  i s  i n t e r c h a n g e d  
a n d  i n  a  t e d i o u s  b u t  s t r a i g h t f o r w a r d  m a n n e r  S o n i n e ' s  s e c o n d  f i n i t e  
i n t e g r a l  ( G . N .  W a t s o n  [ 7 [ ]  ) i s  e m p l o y e d  t o  e v a l u a t e  t h e  i n n e r
i n t e g r a l s  w h i c h  a r e  t h e n  e x p l i c i t l y  d i f f e r e n t i a t e d .  I n  t h i s  m a n n e r  
w e o b t a i n  f o r  t h e  k e r n e l  f u n c t i o n s ,
a
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F r o m  t h e  r e s u l t s  o f  a p p e n d i x -  A  t h e  b r a n c h e s  0  <_ a r g  ( t  -  C L / e )  <211 a n d  
-It <_ a r g  ( t  +  & / e ) < J l  a r e  c h o s e n  s o  t h a t  S  =  i  c& /£  w h e n  t  =  0 .
T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  3 . 1 4 ,  g i v e n  b y  3 . 2 0 ,  m a y  b e  
e v a l u a t e d  e x p l i c i t l y .  T o  a c h i e v e  t h i s  w e  n o t e  t h a t l l o { p , o )  i s  o b t a i n e d  
f r o m  e q u a t i o n  3 . 2  a n d  t h a t  t h e  i n c i d e n t  f i e l d  t e r m  U o ( p , o )  i s  o b t a i n e d  
f r o m  e q u a t i o n  2 . 3 2  o f  t h e  p r e c e e d i n g  s e c t i o n .  T h e  i n c i d e n t  f i e l d  t e r m  
i n  3 . 2 0  i s  t h e n  e v a l u a t e d  u s i n g  S o n i n e ' s  s e c o n d  f i n i t e  i n t e g r a l . '  T h e  
t e r m  w h i c h  c o n t a i n s  t h e  c o n s t a n t  A o  i s  r e a d i l y  e v a l u a t e d  a n d  o n  m a k i n g  
a  s l i g h t  c h a n g e  o f  v a r i a b l e  w e  o b t a i n  t h e  F r e d h o l m  i n t e g r a l  e q u a t i o n  o f  
t h e  s e c o n d  k i n d  . *
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T h e  a r b i t r a r y  c o n s t a n t  A o  i s  d e t e r m i n e d  f r o m  t h e  e d g e  c o n d i t i o n s  w h i c h  
m u s t  b e  i m p o s e d  o n  t h e  e l e c t r o m a g n e t i c  f i e l d  a t  t h e  e d g e  o f  t h e  d i s k .  
T h e  c o n d i t i o n s ,  t h a t  t h e  e d g e  m u s t  n o t  r a d i a t e  e n e r g y ,  r e q u i r e  t h a t  
J p  m u s t  v a n i s h  a n d  J<j> m u s t  b e  o f  t h e  o r d e r  [ ( a 2 - p 2 ) a t  t h e  e d g e  o f  t h e  
d i s k  [ l ] .  F r o m  e q u a t i o n  3 . 1 2  a n d  e q u a t i o n  1 . 3 3  o f  s e c t i o n  1 ,  t h e  
r e q u i r e m e n t  h e r e  - i s  t h a t
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u n d e r  t h e  i n t e g r a l  s i g n  i t  c a n  b e  s h o w n  t h a t  t h i s  c o n d i t i o n  w i l l  b e  
s a t i s f i e d  p r o v i d e d
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C o n d i t i o n  3 . 3 1  i s  n o w  i m p o s e d  o n  3 . 3 0  t o  o b t a i n  a n  e x p r e s s i o n  f o r  A o  w h i c h  
i n  t u r n  i s  s u b s t i t u t e d  i n  3 , 3 0 ,  T h e  r e s u l t i n g  e q u a t i o n  t a k e s  t h e  f o r m
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P r o v i d e d  (£ i s  s m a l l  a n d  p r o v i d e d  e  -  O  ($ )• , t h e  i n t e g r a l  e q u a t i o n  m a y  b e  
s o l v e d  u s i n g  a n  i t e r a t i v e  t e c h n i q u e .  T h e  f u n c t i o n s  f  a n d  F  a r e  f i r s t  
e x p a n d e d  i n  p o w e r s  o f f £ .  I n  a  s t r a i g h t f o r w a r d ,  b u t  s o m e w h a t  t e d i o u s  
m a n n e r ,  i t  c a n  b e  s h o w n  t h a t
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I t  .i.s  p o s s i b l e  t o  o b t a i n  a n  e x p r e s s i o n  f o r  t h e  f a r  f i e l d  b e h a v i o u r  o f  
n o  i n  t e r m s  o f  W. P r o m  e q u a t i o n  2 . 2 5  o f  s e c t i o n  2 a n d  e q u a t i o n s  3 . 1 2 ,  
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O n  r e p l a c i n g  t h e  G r e e n s  f u n c t i o n  u n d e r  t h e  i n t e g r a l  s i g n  i n  e q u a t i o n  
2 , 1 9  o f  s e c t i o n  2 b y  t h e  s e r i e s  o f  a p p e n d i x  A ,  e q u a t i o n  3 9 ,  w e  h a v e  
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O n  i n t e g r a t i n g  b y  p a r t s  a n d  d i f f e r e n t i a t i n g  u n d e r  t h e  i n t e g r a l  s i g n  
i n  4 . 4  a n d  4 . 5 ,  s u b j e c t  t o  t h e  e d g e  c o n d i t i o n  W ( l )  ~  Q ,  i t  c a n  b e  
s h o w n ,  a f t e r  c h a n g i n g  t h e  o r d e r  o f  i n t e g r a t i o n  a n d  e m p l o y i n g  S o n i n e '  
s e c o n d  f i n i t e  i n t e g r a l ,  t h a t
i
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For t h e  f a r  f i e l d  b e h a v io u r  o f  no(au,z) a s  z -*-co t h e r e  w i l l  be u n a t t e n u a te d  
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T o  -  i 4 b 6 4
311 J o  (A  [ b )
X a 3 ■ (1 +  Ai 2/ k 2) a 5
5
CO <
+ 4 i  + 3 6 f  K o ( S )  d t -  3 (S 3
9 l f ~7T j  IMS) *7T w
GO
K o ( S )  t 2 d t  | a 6 
I M S )  J
+ 0 (a7) 4.10
-169“
a n d
T j -  i 4 b 6 4 J o ( A | a u )
31Y  [ j o ( A | b )  T  ( l - A | 2 / k 2 )
" J 1  t i l  2 A 2) « 5
5
00
+ _4 
9n
i  -I- 3S_ 
IT
K o ( S )  d t  
l b ( S )
i i 3n
<x>
n
K o ( S )  t  d t  
I 6 ( S )
+ O(a7) 4 . 1 1
A d o p t i n g  t h e  t e r m i n o l o g y  a n d  a r g u m e n t s  o f  c o n v e n t i o n a l  t r a n s m i s s i o n  l i n e  
t h e o r y  w e  w i l l  e x a m i n e  t h e  e f f e c t  o f  t h e  w a v e  g u i d e  d i s c o n t i n u i t y  o n  t h e  
T E o |  m o d e .  T h e  i n c i d e n t  f i e l d  i n  q u e s t i o n  i s  o b t a i n e d  f r o m  e q u a t i o n s  
1 . 1 ,  1 . 2 ,  1 . 3  a n d  1 , 1 4  o f  s e c t i o n  1 ,  t a l c i n g  o n l y  t h e  U o ( p , z )  c o m p o n e n t  i n  
e q u a t i o n  1 . 1 4 .  F o r  s u c h  a  f i e l d  U o ( p , z )  i s  g i v e n  b y  e q u a t i o n  2 , 3 2  o f  
s e c t i o n  2 ,  T h e  f a r  f i e l d  f o r  t h e  s c a t t e r e d  T E o |  m o d e  i s  o b t a i n e d  f r o m  
e q u a t i o n s  1 . 2 1  ~  1 * 2 6  o f  s e c t i o n  1 ,  t a k i n g  o n l y  t h e  t e r m  i n v o l v i n g l l o  (p  , z ) ,  
g i v e n  b y  e q u a t . i o n  4 . 8  o f  t h i s  s e c t i o n .  A t  t h e  t e r m i n a l  p l a n e  z  < O 
t h e  t o t a l  T E o |  f i e l d  i s  o b t a i n e d  b y  a d d i n g  t h e  i n c i d e n t  f i e l d  t o  t h e  
b a c k w a r d  s c a t t e r e d  f a r  f i e l d .  F o r  s u c h  a  f i e l d  i t  i s  r e a d i l y  v e r i f i e d  
t h a t  t h e  t r a n s v e r s e  c o m p o n e n t s  o f  t h e  e l e c t r i c  a n d  m a g n e t i c  v e c t o r s  a r e  
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I f  t h e  t e r m i n a l  p l a n e s  a r e  n o w  c h o s e n  t o  b e  a n  i n t e g r a l  n u m b e r  o f  
w a v e l e n g t h s  o f  p r o p a g a t i o n  a w a y  f r o m  t h e  p l a n e  z  =  0  t i e  a b o v e  s o l u t i o n s  
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V 2 ( z )  =  v 2 ( ° )  a n d i 2 < ° ) ,
a t  t h e  t e r m i n a l  p l a n e  z  >  0 .  T h e  c o n v e n t i o n a l  a r g u m e n t s  o f  t r a n s m i s s i o n
l i n e  t h e o r y  [ 8 ]  a r e  n o w  a d o p t e d  a n d  i t  i s  t h e r e f o r e  a s s u m e d  t h a t  t h e
V ' s  a n d  t h e  I ' s  a t  t h e  t e r m i n a l  p l a n e s  a r e  r e l a t e d  b y  a n  im p e d a n c e  m a t r i x ,
F i j i  s a y ,  i n  t h e  f o r m
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I t  c a n  b e  d e d u c e d  f r o m  t h e  r e c i p r o c i t y  t h e o r e m  [ 6 ]  t h a t  t h e  im p e d a n c e  
m a t r i x  i s  s y m m e t r i c ,  i . e .  z ^ 2 =  F u r t h e r ,  c o n s i d e r a t i o n  o f  t h e
g e o m e t r i c a l  s y m m e t r y  o f  t h e  o b s t a c l e  [ s ]  i n d i c a t e s  t h a t  z  =  Z 2 2 *  ^ r o m  
e q u a t i o n s  4 . 1 3 ,  4 . 1 4 ,  4 . 1 9  a n d  4 . 2 0  i t  f o l l o w s  t h a t  ( 0 )  =  V 2 ( 0 )  a n d  
t h a t  t h e  im p e d a n c e  m a t r i x  i s  g i v e n  b y
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C o n s e q u e n t l y  a n  e q u i v a l e n t  c i r c u i t  w h i c h  c a n  b e  u s e d  t o  r e p r e s e n t  t h e  
o b s t a c l e  i s  t h e  c o n v e n t i o n a l  T  s e c t i o n  d e p i c t e d  b e l o w .
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T h i s  r e s u l t  s u g g e s t s  t h a t  t h e  o b s t a c l e  i s  l a r g e l y  i n d u c t i v e .  T h e  r e s u l t  
h e r e  o b t a i n e d ,  i s  v a l i d  f o r  A| <  k  <  A2 . V a l u e s  o f  A j b  a n d  A 2b  a r e  w e l l  
k n o w n  [ 8 ]  a n d  f o r  k  =  2 I I / A ,  w h e r e  A d e n o t e s  t h e  w a v e l e n g t h ,  t h e  a b o v e  r e s u l t  
i s  v a l i d  i n  t h e  w a v e l e n g t h  r a n g e .
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T h e  e f f e c t  o n  t h e  T E 01 m o d e  o n l y  h a s  b e e n  d e s c r i b e d  b u t  i t  i s  p o s s i b l e  f o r  
o t h e r  m o d e s  t o  p r o p a g a t e  i n  t h i s  r a n g e .
T h e  i n t e g r a l s  i n  e q u a t i o n  4 . 2 9  a r e  o f  t h e '  f o r m
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w h e r e  s 2 =  t 2 -  k 2b 2 w i t h  s p e c i f i e d  b r a n c h e s  o  <_ a r g ( t - k b )  <211 a n d  
- I I  <_ a r g ( t + k b )  <  I I  . T h e  p a t h  o f  i n t e g r a t i o n  i n  t h e  c o m p l e x  t  p l a n e  
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T h e  p a t h  o f  i n t e g r a t i o n ,  Q  ,  m a y  b e  d e f o r m e d  i n t o  t h e  p a t h  C j + C , / w h i c h  i s  
a l s o  s h o w n  i n  t h e  f i g u r e .  O n Q ,  S  =  k b e X ^ ,  0  <_ +  <_ H /2rand. o n  Q  S  =  x  
( r e a l )  , k b  <  x  <  d o  . C o n s e q u e n t l y  w e  m a y  w r i t e ,  a f t e r  i n t e g i ' a t i n g  b y  p a r t s ,
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I n  e q u a t i o n  4 . 3 6  t h e  m o d i f i e d  B e s s e l  f u n c t i o n  m a y  b e  w r i t t e n  a s  t h e  
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O n  d e c o m p o s i n g  A| i n t o  i t s  r e a l  a n d  i m a g i n a r y  p a r t s  w e  o b t a i n
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F o r  a  f e w  s e l e c t e d  v a l u e s  o f  k b  i n  t h e  r a n g e  3 . 8 3 2  <  k b  <  7 . 0 1 6  t h e  a u t h o r  
o f f e r s  t h e  f o l l o w i n g  r e s u l t s ,  w h i c h  w e r e  o b t a i n e d  o n  e v a l u a t i n g  t h e  a b o v e  
i n t e g r a l s  n u m e r i c a l l y .
y r n = o
k b  \
R e  ( A f ) Im  ( A * ) . b ?
r nG ,
R e ( G j ) I m ( G ^ )
4 . 5 5 . 0 5 8 4 1 . 8 3 7 5 - 0 . 0 0 3 1 5 . 0 5 5 3 1 . 8 3 7 5
5 . 0 3 . 9 4 0 9 - 1 . 1 9 6 2 - 0 . 0 0 1 2 3 . 9 3 9 7 - 1 . 1 9 6 2
5 . 5 2 . 4 3 0 3 - 3 . 1 5 9 5 - 0 . 0 0 0 5 2 . 4 2 9 8 - 3 . 1 5 9 5
6 . 0 0 . 1 6 3 1 - 4 . 7 0 6 1 - 0 . 0 0 0 2 0 . 1 6 2 9 - 4 . 7 0 6 1
6 . 5 - 4 . 2 5 0 5 - 6 . 3 6 6 1 - 0 . 0 0 0 0 8 - 4 . 2 5 0 5 - 6 . 3 6 6 1
\ n - l
G ,
k b  \
R e  ( P q ) I m ( A ^ ) B ? R e ( G j ) I m ( G ^ )
4 . 5 - 6 . 6 2 4 5 1 2 . 1 2 3 5 - 0 . 0 4 7 2 - 6 . 6 7 1 7 1 2 . 1 2 3 5
5 . 0 4 . 0 7 0 3 1 2 . 4 6 7 6 - 0 . 0 2 3 0 4 . 0 4 7 3 1 2 . 4 6 7 6
5 . 5 1 2 . 4 9 9 2 6 . 5 7 9 4 - 0 . 0 1 0 9 1 2 . 4 8 8 3 6 . 5 7 9 4
6 . 0 1 6 . 4 3 6 7 - 4 . 8 2 8 3 - 0 . 0 0 5 1 1 6 . 4 3 1 6 - 4 . 8 2 8 3
6 . 5  ■ 1 0 . 9 6 3 3 - 2 1 . 6 8 6 9 - 0 . 0 0 2 3 1 0 . 9 6 1 0 - 2 1 . 6 8 6 9
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A  r e f l e c t i o n  c o e f f i c i e n t  f o r  t h e  T E o l m o d e ,  R  s a y ,  d e f i n e d  a s  t h e  
r a t i o  o f  t h e  b a c k w a r d  s c a t t e r e d  m o d e  v o l t a g e  t o  t h e  i n c i d e n t  m o d e  
v o l t a g e  i s ,  f r o m  4 . 1 3 ,
R  = T,
Y,
i 4  r Aifo £ 3 p
S7TIroTA TfoFJ ’
w h e r e  P  («•) i s  g i v e n  b y  4 . 2 9 .
F o r  t h e  c a s e  w h e n  k b  =  5 ,  v a l u e s  o f  R  a r e  s h o w n  f o r  v a r i o u s  v a l u e s  
o f  CC i n  t h e  t a b l e  b e l o w ,
\fcb= 5 
0 C \ ReCK)
72£■H
i.
0-2 „ -5 - 0-0*71 S X10 -1O’OQZb-YlQ
0*25
~5
-ODjhDXIO
- \
0*30
-S- 0*Sl81/IO
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Q* OCQOXtO
A P K S n X Q C  A
T o  o b t a i n  t h e  G r e e n ' s  f u n c t i o n  f o r  t h e  p r o b l e m  ( s e e  s e c t i o n  2 ,  e q u a t i o n s  
3 a n d  4 ) ,  l e t  G ( P , Q )  b e  p r e s e n t e d  a s  t h e  s u m  o f  a  f r e e  s p a c e  t e r m  G o ( P , Q )  
s a y ,  c o n t a i n i n g  t h e  s i n g u l a r i t y  a t  t h e  p o i n t  P  «  Q , a n d  a  b o u n d a r y  e f f e c t  
t e r m  G j ( P , Q )  w h i c h  i s  e v e r y w h e r e  r e g u l a r .  T h e n
G ( P , Q )  «  G o (P,Q) +  G , ( P , Q )  ,  1
a n d  t h e  e q u a t i o n s  s a t i s f i e d  b y  t h e s e  f u n c t i o n s  a r e
( V 2 +  k 2 } G o ( P , Q )  =  -4 1 1 6  ( P , Q )  2
a n d
( V 2 +  k 2 ) G , ( P , Q )  -  0 ,  3
w h e r e  G o ( P , Q )  -  9 G { _ ( P ,Q )  4
3 n  3 n
o n  t h e  w a v e  g u i d e  w a l l .
T w o  a l t e r n a t i v e ,  b u t . ' e q u i v a l e n t  i n t e g r a l  r e p r e s e n t a t i o n s  w i l l  b e  g i v e n  
f o r  t h e  f r e e  s p a c e . G r e e n 1s  f u n c t i o n .  I n  c y l i n d r i c a l  p o l a r  c o - o r d i n a t e s  
e q u a t i o n  2 i s
£  + 1 + .1 j F  +. j F  + k 2
3p2 p Sp p2 3<j>2 3 z 2
Go(p,(J) ,z;p,^,z )
- 41T6 (p-p Q6 t f t - c T )  6 ( z - z ' )  
P
A s s u m i n g  t h e  e x p a n s i o n
G o  ( p c j > ,  z ; pq  <}> * z  ^ ) =  _JL  Y ,  e  l n (  ^ G o ( p , z ; p ; < t > ; z ' )  ,
211 n=-“
w h e r e
nG o(p ,z jp ,> ;zQ e i n ^Go(p,<|>,z;p;c{);z'') d$ ,
<u
—7T
-178-
a n d  a p p l y i n g  t h e  f i n i t e  t r a n s f o r m  7 t o  e q u a t i o n  5 g i v e s
3 2 +  1  __3 +  j F  +  ( k 2 - n ? )  
3 p 2 p 3p 3 z 2 p 2
G o ( p ,z ;p ; (j>;z'*)
=  - 4 116 ( p - p Q  8 ( z - z " )  e
P
in cf> "
O n  w r i t i n g
G o ( p , z ? P ;<J>;z-*) = i n /  n ,   ^ ... e  F o ( p , z ; p , z  ) ,
t h e  e q u a t i o n  s a t i s f i e d  b y  F o ( p , z ; p 7 z " ) i s  s e e n  t o  b e
32 + 1 _±  + + (k2-rTO)
3p2 p 3p 3z2 p 2
F o  ( p , z ; p " , z " )
= —4116 (p-p ") 5 (z-z")  .
P
.10
A t  . t h i s  s t a g e  w e  c a n  o b t a i n  a  s o l u t i o n  t o  e q u a t i o n  1 0  b y  a p p l y i n g  e i t h e r  
a n  i n f i n i t e  H a n k e i  t r a n s f o r m  w i t h  r e s p e c t  t o  t h e  p c o - o r d i n a t e  o r  a n  i n f i n i t e  
F o u r i e r  t r a n s f o r m  w i t h  r e s p e c t  t o  t h e  z  c o - o r d i n a t e .
A n  a p p l i c a t i o n  o f  t h e  i n f i n i t e  H a n k e i  t r a n s f o r m  [ 4 ]
H o ( X , z ; p " , z " ) p F o ( p , z ; p " , z " )  J n ( X p )  d p  ,
sjO
w h e r e
CO
__i * / J* \
F o ( p , z ; p , Z  ) =  
r e d u c e s  e q u a t i o n  1 0  t o
X H o ( X , z ; p  ^ z " )  J n ( X p )  d X ,
11
12
3 2 +  ( k 2 - X 2 )
3 z
H o ( X , z ? p ; z " )  =  -4n J n  (X p  " )  8 ( z - z " ) 1 3
W r i t i n g
n
H o ( X , z ; p  ' , z . ' )  =  K o ( X , z ; z ' A) J n ( X p " ) , 1 4
—179—
t h e  e q u a t i o n  s a t i s f i e d  b y  K o ( A , z , z ' )  i s
3 2 +  ( k 2 - X 2 )
3z‘
K o  ( A ,  z ; z  " )  =  -411(5 ( z - z " )
W r i t i n g  S  =  A 2 - k 2' ,  A > k ,  e q u a t i o n  1 5  h a s  t h e  s o l u t i o n
1 5
K o ( A , z ? z " )  =
„  s z  , _ - s z
C e  +  D e  ,  z  <  z  .
1 6
F o r  z e r o  f a r  f i e l d  b e h a v i o u r  a t  s  =  -  co w e  m u s t  h a v e  A  =  D  =  0 ,  a n d  f o r  
t h i s  t o  b e  t h e  c a s e  w h e n  A <  k  t h e  c o r r e c t  r a d i a t i o n  f i e l d  i s  o b t a i n e d  i f  
w e  c h o o s e  t h e  b r a n c h  S  =  i A 2 ~ A 2 .
T h e  c o n t i n u i t y  o f  K o ,  a n d  d i s c o n t i n u i t y  o f 4 K o / 8 s  b y  a n  a m o u n t  -4 1 1 , a t  
z  =  z "  a r e  s u f f i c i e n t  t o  d e t e r m i n e  t h e  r e m a i n i n g  c o n s t a n t s  B  a n d  C .  I t  
i s  e a s i l y  d e d u c e d  t h a t
K o ( A , z ; z " )  = 2n
s
- s j  z - z " j
1 7
R e t u r n i n g  t o  e q u a t i o n  6  t h r o u g h  e q u a t i o n s  1 4 ,  1 2  a n d  9  r e s p e c t i v e l y ,  g i v e s
A J n ( A p )  J n ( A p " )  e  B  ^ 2  2  ^ d A
_  , , ... «? i n  (6 "-< !> )
G o ( p , c f > , z ; p , < f > , z  ) =  E  e
n = - c o
=  E ( 2 - 6 o n )  c o s  j j n ( M b > ]
n = o
co
x  I j A J n  ( A p )  O n  ( A p " )  e  S ^2  2   ^ d A 1 8
L
w h e r e  S  -  A 2 - k 2 ~ , A >  k
=  i A ^ - X 2 f A <  k .
A l t e r n a t i v e l y  w e  c a n  a d o p t  t h e  p r o c e d u r e  o u t l i n e d  b y  D , S .  J o n e s  [ 6 ]  a n d  
a s s u m e ,  f o r  t h e  p u r p o s e  o f  a n a l y t i c a l  c o n v e n i e n c e ,  t h a t  t h e  m e d iu m  i s  
s l i g h t l y  c o n d u c t i n g .  T h e  w a v e  n u m b e r  k  w i l l  t h e n  h a v e  a  s m a l l  n e g a t i v e  
i m a g i n a r y  p a r t , _  i . e .  k  =  k r  -  i k y  s a y ,  a n d  a t  t h e  e n d  o f  t h e  a n a l y s i s  J<y 
w i l l  b e  t a k e n  a s  z e r o .  F o r  t h e  u n k n o w n  f u n c t i o n  F o  i n  e q u a t i o n  1 0  w e  
d e f i n e  t h e  F o u r i e r  t r a n s f o r m  . .
H o ( p  , a ; p  , z " )  =
Y y  o— CO
TIn ,  r a z ,
F o  ( p , z  ? p ,  z  )-e  d i 19
S i n c e  t h e  f r e e  s p a c e  G r e e n ' s  f u n c t i o n  s a t i s f i e s  t h e  r a d i a t i o n  c o n d i t i o n  
a t  i n f i n i t y ,  i t  f o l l o w s  t h a t  F o  i s  d a m p e d  a c c o r d i n g  t o  t h e  f a c t o r  
e x p ( ~ k - j j z | )  a s  | z | -H o  . C o n s e q u e n t l y  H o ,  a s  d e f i n e d  a b o v e ,  e x i s t s  i n  t h e  
s t r i p  - k j L  <  I m ( a )  <  k ^  o f  t h e  c o m p l e x  a -  p l a n e .  T h e  i n v e r s i o n  f o r m u l a  
f o r  t h e  F o u r i e r  t r a n s f o r m  i s  t h e n  g i v e n  b y
jC‘ -r CO
r<
F o ( p , z ; p ; z " )  «  1
Tin
TTn . x xv - l a z ,
H o ( p , a ; p , z  ) e  d a
. J  
i c -co
w h e r e  - k ^  < C  < k j_ ,
U n d e r  t h e  F o u r i e r  t r a n s f o r m ,  e q u a t i o n  1 0  i s  r e d u c e d  t o
20
3Z + 1 3 -JL
3 p 2  * p 3p
n
r\
P "
H o  (p  , a ;  p ' , z ' )
■2/211 8 ( p - p " ) e
P
r a z 21
w h e r e  / -  a > k 2 .
O n  s e l e c t i n g  t h e  b r a n c h e s  0  <_ a r g ( a - k )  < 2 n  a n d  - I t  y  a r g ( a + k )  <  H 
i t  f o l l o w s  t h a t  7  r e d u c e s  t o  i k  w h e n  a  =  o  a n d  t h a t  7  a l w a y s  h a s  a  p o s i t i v e  
r e a l  p a r t  f o r  a  i n  t h e  s t r i p  - k ^  < I m  ( a )  < k ^ .
W r i t i n g
T. n . x x v  . . n , i a z
H o ( p , a ; p , z  ) =  K o ( p , a ? p  ) e 22
t h e  e q u a t i o n  s a t i s f i e d  b y  Ko‘ i s
“ 1 8 1 -
3 2+ 1_  3_ -  y ' f -
P 7 *
K o ( p , a ; p " ) ■2 L 2.II S ( p - p ' )
P
23
a n d  t h i s  h a s  t h e  s o l u t i o n
X o ( p , c t ; p " )  -
A  K n  ( Yp)  +  B  I n ( / p )  , P > p't
C  K n ( y p ) D  I n ( / p )  p <  p'
2 4
T o  e n s u r e  t h a t  t h e r e  i s  n o  s i n g u l a r i t y  a t  p -  0 ,  C  =  o .  F o r  t h e  c o r r e c t  
f a r  f i e l d  b e h a v i o u r  a t  p = c o w e  m u s t  h a v e  B  =  0 .  T h e  c o n t i n u i t y  o f  K o ,  a n d
d i s c o n t i n u i t y  o f 2 K o / 9 p  b y  a n  a m o u n t  -2 / 2 1 1  p ' , a t  p =  p '  w i l l  d e t e r m i n e  
t h e  r e m a i n i n g  c o n s t a n t s  A  a n d  D .  E m p l o y i n g  t h e  W r o n s k i a n
w[lri()'p) ,  K n (yp) ] = -1/yp
i n  t h e  d e t e r m i n a t i o n  o f  t h e s e  c o n s t a n t s  we_ o b t a i n
K o ( p , a ; p " )  =  2 v ^ f  K n ( / p > )  I n ( / p < ) , 2 5
w h e r e  p >  s i g n i f i e s  w h i c h e v e r  i s  t h e  g r e a t e r  o f  p a n d  p '  ,  a n d  p <  s i g n i f i e s  
w h i c h e v e r  i s  t h e  l e s s e r .
R e t u r n i n g  t o  e q u a t i o n  .6  t h r o u g h  e q u a t i o n s  2 2 ,  2 0  a n d  9 r e s p e c t i v e l y  i t  
c a n  b e  d e d u c e d  t h a t
Go(p,cj>,z;p;<f>;z'> ~ E (2-Son) cosjjn (({>-</>'')]
n=0
x K n ( ) f p > )  I n ( / p < )  e i a { 7 ‘ ~ z )  d a
u
iC~LC0
26
F o r  t h e  i n t e g r a l  i n  t h i s  e x p r e s s i o n  t h e  c o n t o u r  o f  i n t e g r a t i o n  i s  s h o w n  
i n  t h e  f i r s t  f i g u r e  b e l o w .  I t  r u n s  f r o m  l e f t  t o  r i g h t  b e n e a t h  t h e  b r a n c h
■ c u t  a t  OC ~  - k ,  a n d  a b o v e  t h e  b r a n c h  c u t  a t  CC — - r k . W h e n  k ^  i s  p u t  e q u a l  
t o  z e r o  t h e  c o n t o u r  i s  a s  s h o w n  i n  t h e  s e c o n d  f i g u r e .
-102“
T h e  b o u n d a r y  e f f e c t ,  t e r m  G ( ( P , Q )  w i l l  n o w  b e  f o r m a l l y  d e t e r m i n e d .  I n  
o r d e r  t h a t  t h e  n o r m a l  d e r i v a t i v e s  o f  G | ( P , Q )  a n d  G o ( P , Q )  m a y  b e  m a t c h e d  o n  
t h e  g u i d e  w a l l  ( s e e  e q u a t i o n  4 )  w e  a s s u m e  a n  e x p a n s i o n  o f  c h e  f o r m
G ( =  E ( 2 -<5on) cos [ n  (<(>-<j> " ) ]  G ^  ( p , s ;  p ,  2 7
n = o
w h e r e
co
G*} (p  , z ; p / z ' )  -  J  F n ( L f3 " ) „ I n ( / p )  e i a l z  z l da .
T h e  p a t h  o f  i n t e g r a t i o n  ( -co,oo)  i s  t h a t  s h o w n  i n  f i g u r e  2 ,  T h e  f u n c t i o n  
F n O p ■") i s  d e t e r m i n e d  f r o m  t h e  b o u n d a r y  c o n d i t i o n  o n  t h e  g u i d e  w a l l ,  w h i c h  
' g i v e s
2 8
F n  ( Z , p " )  =  - .1  K n  ( / b ) t I n O ' p " )
7f  I n  ( l b )
po
F r o m  e q u a t i o n s  2 7 ,  2 8  a n d  2 9
-183-
00 -1 
G .  ( p r ^ > , z j p ^ ^ z " )  =  2 ( 2 ~ 6 o n )  c o s | n  (<{>-<j>")J
n=0 
co
~2_
n
K n ( V b )  . I n ( I p ) , I n ( ^ p  " ) ,  c o s  [ a ( z " - z ) ]  d a  
I n  (u 'b )
3 0
w h e r e  n o w  t h e  p a t h  o f  i n t e g r a t i o n  (o ,o c )  i s  t h a t  s h o w n  i n  t h e  f i r s t  
q u a d r a n t  o f  f i g u r e  2 .
I n  o r d e r  t h a t  t h e  i n t e g r a l  i n  e q u a t i o n  3 0  b e  n o t  d i v e r g e n t  w e  e x a m i n e  t h e  
i n t e g r a n d  a s  a  ->- c o . O n  r e p l a c i n g  t h e  m o d i f i e d  B e s s e l  f u n c t i o n s  b y  t h e i r  
a s y m p t o t i c  - e x p a n s i o n s  w h i c h  a r e  v a l i d  f o r  l a r g e  a r g u m e n t  [ 7 ] ,  i t  i s  s e e n  
t h a t  f o r  c o n v e r g e n c e
2 b ” p - p " > 0 , 3 1 .
T h e  G r e e n ’ s  f u n c t i o n  f o r  t h e  p r o b l e m  m a y  a l s o  b e  p r e s e n t e d  a s  a n  i n f i n i t e  
s e r i e s .  T o  a c h i e v e  t h i s  w e . p r o c e e d  f r o m  e q u a t i o n s  1 ,  2 6  a n d  3 0  a n d  w r i t e
, § rZ ip i§ ' , z ' )  -  E (2-Son) cos [n (<}>-<}> ■*)] Gn (p ,.z;p ' , D  ,
n = o
w n e r e
G (p ,z;p,z )
u
-  CO
K n  Q 'p > )  , I n Q ' p c )  -  K n  Q f b ) . I n  ( V p ) .  I n t i f p * ' )  
i f iO fbf
x  e x p ^ i  a ( z ' * - z ) J d a , 33
T h e  c o n t o u r  o f  i n t e g r a t i o n  (-<x>,co) ( s e e  f i g u r e  2 )  w i l l  b e  c l o s e d ,  a s  s h o w n  
i n  f i g u r e  3 ,  a n d  t h e  c a l c u l u s  o f  r e s i d u e s  w i l l  b e  e m p l o y e d  t o  o b t a i n  a  
s u m m a t i o n  o f  r e s i d u e s  a t  t h e  e n c l o s e d  p o l e s  o f  t h e  i n t e g r a n d .  T h e  
s i n g u l a r i t i e s  i n  q u e s t i o n  a r e  p o l e s  a t  t h e  z e r o s  o f  I n ( / b ) , o r  m o r e  
a p p r o p r i a t e l y  p o l e s ,  a t  t h e  z e r o s  o f  J n ( T b i ) . S u c h  z e r o s  o c c u r  w h e n  t h e  
a r g u m e n t  i s  r e a l ,  a n d  t h e r e f o r e  w h e n  X  i s  p u r e l y  i m a g i n a r y .  F o r  t h e  
b r a n c h  c u t s  s p e c i f i e d  e a r l i e r  [ i . e .  o <_ a r g  ( a  -  k )  <  211 a n d  - I I  <_ a r g  ( a  4  k ) < I I j
i t  i s  e a s i l y  v e r i f i e d  t h a t  t h e s e  z e r o s  l i e  o n  t h e  i m a g i n a r y  a - a x i s ,  a n d  o n
t h e  r e a l  a - a x i s  f o r  - k  < a  <_ k .
I n  a d d i t i o n ,  i f  t h e  p o l e s  i n  q u e s t i o n  a r e  d e n o t e d  b y
J n ( A j b )  =  0  ,  ( j ' s  1 ,  2 , --3 , ----------- ) , 3 4
w h e r e  0  <  A ] < A 2 <  ...............   t h e  p o l e s  i n  t h e  a - p l a n e , s a y  a t  a =  a j ( a r e
g i v e n  b y .
- A - 2 *  a - 2i J 35
T h e s e  p o l e s  a r e  s i m p l e  p o l e s ,  a n d  w h e n  k  >  A ;  t h e  a* l i e  o n  t h e  r e a l  a x i s0 d
where ~k <_ aj k ,  and when k < Aj , t h e  aj l i e  on th e  im ag ina ry  a x i s .
Hence th e  c o n to u r  e n c lo s e s  th e  p o le s  as shown i n  th e  f i g u r e .
T h e  c o n t o u r  i s  i n d e n t e d  a s  s h o w n  s o  a s  t o  t a k e  i n t o  a c c o u n t  t h e  
c o n t r i b u t i o n  f r o m  t h e  s i m p l e  p o l e  a t  a  =  - k  w h i c h  a r i s e s  w h e n  n -  o .  T h e  • 
i n t e g r a l  r o u n d  t h e  s m a l l  c i r c l e  t a k e s  t h e  v a l u e  - 2 I I i  x  ( r e s i d u e  a t  a  =  - k )  
a s  t h e  r a d i - u s  o f  t h e  c i r c l e  t e n d s  t o  z e r o .
E m p l o y i n g  t h e  r e s u l t s  *
*  , v ■ n l l i  _  . - i n ,
I n ( z )  =  e  I n ( z e  ) 3 6
a n d
, - n n i  . - i n .  . , - i n ,
K n ( z )  =  e  , K n ( z e  ) -  r 7 T l n ( z e  ) 3 /
o n  t h e  u p p e r  s i d e  o f  t h e  b r a n c h  c u t ,  w h e r e  a r g  7 =  n  
i n t e g r a l  a l o n g  t h i s  u p p e r  s i d e  c a n c e l s  t h e  i n t e g r a l  
o f  t h e  b r a n c h  c u t ,  w h e r e  a r g  if -  0 .
A s  t h e  r a d i u s  o f  t h e  l a r g e  c i r c l e  t e n d s  t o  i n f i n i t y  w e  s e e  t h a t  Y  b e h a v e s
l i . k e  a .  O n  t h a t  p a r t  o f  t h e  l a r g e  s e m i c i r c l e  w h i c h  l i e s  i n  t h e  f i r s t  
q u a d r a n t ,  t h e  m o d i f i e d  B e s s e l  f u n c t i o n s  m a y  b e  r e p l a c e d  b y  t h e i r  r e s p e c t i v e
, w e  s e e  t h a t  t h e  
a l o n g  t h e  l o w e r  s i d e
•106~.
a s y m p t o t i c  e x p a n s i o n s  ( l o c  s i t )  a n d  i t  c a n  b e  s h o w n  t h a t  t h e  i n t e g r a l  
a l o n g  t h i s  p a r t  o f  t h e  l a r g e  s e m i c i r c l e  t e n d s  t o  z e r o  a s  t h e  r a d i u s  t e n d s  
t o  i n f i n i t y ,  p r o v i d e d  z "  >  z .  S i m i l a r l y  a f t e r  f i r s t  e m p l o y i n g  e q u a t i o n s  
3 6  a n d  3 7 ,  i t  c a n  b e  s h o w n  t h a t  t h e  i n t e g r a l  a l o n g  t h e  p a r t  o f  t h e  l a r g e  
s e m i c i r c l e  i n  t h e  s e c o n d  q u a d r a n t  a l s o  t e n d s  t o  z e r o  a s  t h e  r a d i u s  t e n d s  
t o  i n f i n i t y .  C o n s e q u e n t l y ,  a p p l y i n g  t h e  r e s i d u e  t h e o r e m  t o  t h e  c o n t o u r  
i n t e g r a l  i n  q u e s t i o n  w e  o b t a i n
Gn  (p  , z ;  p / z ' )  -  - 2 1  e  : b k ^z  5o n
k b 2
+  A j 2  J n ( A j p )  J n ( A j p " )  e  ^
b  ? y  S j  ( A j 2 - n 2 / b 2 ) [ j n ( A j b )  ]
w h e r e  S j  =  / A j  2-k 2 , .  A j  >  k,
-  i  A 2-  A j 2  ,  A j  <  k.
I t  f o l l o w s  f r o m  e q u a t i o n  3 2  t h a t
G ( p ,< f > ,2? p ';< i> ; z " )  =  ~ 2 i  e ” l k <z " ~ z >
k b 2 .
+  E  ( 2 - S o n )  c o s f n  " )]
n = o
3 8
x  2  \  '’ A j 2 J n ( A j p )  J n ( A j p " )  e  3 9
b 2  l _ _ t S j  ( A j  2 - n 2 / b 2 ) [ j n  ( A j b )  ]
J = | !
f o r  z "  >  z .
W h e n  z  >  z "  t h e  r o l e s  o f  z  a n d  z "  n e e d  o n l y  b e  r e v e r s e d  i n  e q u a t i o n  3 3 .  
I t  w o u l d  t h e n  f o l l o w  t h a t  t h e y  w o u l d  h a v e  t o  b e  r e v e r s e d  i n  t h e  a b o v e  
e q u a t i o n .
PART I I  (B)
L o w  f r e q u e n c y  d i f f r a c t i o n  o f  a  T r a n s v e r s e  
M a g n e t i c  ( T M o i ) f i e l d  b y  a  p e r f e c t l y  
c o n d u c t i n g  c i r c u l a r  d i s k  w h i c h  i s  l o c a t e d  
s y m m e t r i c a l l y  i n  a  p e r f e c t l y  c o n d u c t i n g  
c i r c u l a r  w a v e  g u i d e .
INTRODUCTION
A n a l o g o u s  t o  t h e  p r o b l e m  o f  f i n d i n g  t h e  s c a t t e r e d  f i e l d  w h i c h  a r i s e s  
w h e n  a  T E  f i e l d  i s  i n c i d e n t  o n  a  p e r f e c t l y  c o n d u c t i n g  c i r c u l a r  d i s k  o f  
z e r o  t h i c k n e s s ,  s y m m e t r i c a l l y  l o c a t e d  i n  a  p e r f e c t l y  c o n d u c t i n g  c i r c u l a r  
w a v e  g u i d e  ( s e e  P a r t  I I  A ) ,  t h e r e  i s  t h e  p r o b l e m  o f  f i n d i n g  t h e  s c a t t e r e d  
f i e l d  w h i c h  a r i s e s  w h e n  a  TM  f i e l d  i s  i n c i d e n t  o n  t h e  d i s k .
C o n s i d e r a t i o n  w i l l  h e r e  b e  g i v e n  t o  t h i s  p r o b l e m ,  i n  p a r t i c u l a r  t o  t h e  
p r o b l e m  o f  o b t a i n i n g  t h e  s c a t t e r e d  T M o i f i e l d  w h i c h  a r i s e s  w h e n  a  T M o l 
f i e l d  i s  i n c i d e n t  o n  t h e  d i s k .
T h e  t e c h n i q u e s  t o  b e  u s e d  a r e  s i m i l a r  i n  s o m e  r e s p e c t s  t o  t h o s e  w h i c h
w e r e  a d o p t e d  i n  t h e  p r e c e e d i n g  p r o b l e m ,  t h e  p o i n t  o f  d i f f e r e n c e  b e i n g  t h e  
m a n n e r  i n  w h i c h  a  F r e d h o l m  i n t e g r a l  e q u a t i o n  o f  t h e  s e c o n d  k i n d  i s  o b t a i n e d .  
A t t e n t i o n  i s  s p e c i f i c a l l y  f o c u s e d  o n  t h e  f i e l d  a t  l a r g e  d i s t a n c e s  f r o m  
t h e  o b s t a c l e  s o  t h a t  a n  e q u i v a l e n t  c i r c u i t  f o r  t h e  p r o b l e m  m a y  b e  
p r e s e n t e d .
A s  b e f o r e ,  t h e  i n t e r i o r  o f  t h e  d i s k  l o a d e d  w a v e  g u i d e  i s  a s s u m e d  t o  b e  
f i l l e d  w i t h  a  d i e l e c t r i c  m a t e r i a l  w h i c h  i s  u n i f o r m  a n d  i s o t r o p i c ,  w i t h  
e l e c t r o m a g n e t i c  c o n s t a n t s  e a n d  y .  T h r o u g h o u t  t h e  w o r k  a  f i e l d  t i m e  
v a r i a t i o n  o f  e x p ( i w t )  i s  a s s u m e d  a n d  a  c y l i n d r i c a l  p o l a r  c o - o r d i n a t e  
s y s t e m  (p , ; }> ,z )  i s  a d o p t e d .  T h e  d i s k  i s  a s s u m e d  t o  o c c u p y  t h e  r e g i o n
z  =  o ,  o  £  P £  a ,  a n d  t h e  w a v e  g u i d e  i s  a s s u m e d  t o  c o n t a i n  t h e  r e g i o n
-co < z  < 00, o  <_ p <_ b .
A d o p t i n g  a  c y l i n d r i c a l  p o l a r  c o - o r d i n a t e  s y s t e m ,  w h e r e  t h e  w a v e  g u i d e  a n d  
d i r e c t i o n  o f  - p r o p a g a t i o n  a r e  z  d i r e c t e d ,  t h e  e l e c t r i c  a n d  m a g n e t i c  v e c t o r s  
o f  t h e  i n c i d e n t  t r a n s v e r s e  m a g n e t i c  f i e l d  m a y  b e  p r e s e n t e d  i n  t h e  f o r m
H O
„ i n c
E 9 2u  . 0  . k u 2 +  3 u 2
T h e  s c a l a r  q u a n t i t y  u ,  w h i c h  s a t i s f i e s  t h e  r e d u c e d  w a v e  e q u a t i o n ,  i s  
g i v e n  b y
u  =  J< '  J o ( y j  p )  e x p  ( - 1 1 ;  z )  ,
b/n y j  2 J ,  ( y j  b )
w h e r e  t h e  y j  ( j  =  l , 2 « , a . )  a r e  t h e  o r d e r e d  n o n  z e r o  r o o t s  o f
a n d
J o ( y j b )  =  O 
X j  +. 'Cr - y j 2 ,  k  >  VI j
=  - i v ' y j  2  -  k 2  7 k  <  y ;
F r o m  h e r e  o n  i t  w i l l  b e  a s s u m e d  t h a t  t h e  m e d iu m  w i t h i n  t h e  g u i d e  i s  s u c h  
t h a t
V! < k < U2 '< ti3 < r ,
s o  t h a t  t h e  i n c i d e n t  f i e l d  a r i s e s  o n l y  f r o m  t h e  T M o i m o d e  a n d  t h e  s c a l a r  
u  i s  s i m p l y  g i v e n  b y
u  = J o ( y »  p )
b/n y , 2 ( y , b )
w h e r e  X ,  =  . -
ex£> ( - I X j Z )
I n  o r d e r  t o  p e r t u r b  u n i f o r m l y  o n  t h e  s o l u t i o n  f o r  a  d i s k  i n  f r e e  s p a c e  
t h e  s c a t t e r e d  TM o| f i e l d  i s  a s s u m e d  t o  h a v e  t h e  f o r m  [ i ]
H
s c
O ,  iw e  fro , 0 1
3p J
. s c _~JpG
3 p 3 z
- k z u
3 z 2
w h e r e  t h e  s c a l a r  q u a n t i t y  v  s a t i s f i e s  t h e  e q u a t i o n
190-
I n  a d d i t i o n  t o  t h e  b o u n d a r y  c o n d i t i o n s  f o r  t h e  d i s k  i n  f r e e  s p a c e ,  w h i c h  
h a v e  .b e e n  g i v e n  b y  W . E .  W i l l i a m s  [ l ] ,  t h e r e  i s  t h e  r e q u i r e m e n t  t h a t  t h e  
t a n g e n t i a l  c o m p o n e n t  o f  t h e  e l e c t r i c  f i e l d  v e c t o r  s h o u l d  v a n i s h  o n  t h e  w a v e  
g u i d e  w a l l .  E s s e n t i a l l y  t h e n  w e  h a v e  f o r  t h e  d i s k
9 u  =  3_u +  A  , z  =  o ,  o  <_ p <_ a ,  ' ( 5 )
9 z  d z
w h e r e  A  i s  a n  a r b i t r a r y  c o n s t a n t  a n d  f o r  t h e  w a v e  g u d .d e  w a l l
u  =  0  , - c o  <  z  < co p =  b .  ( 6 )
T h e  c o n t i n u i t y  c o n d i t i o n s  o f f  t h e  d i s k ,  a l s o  g i v e n  b y  W . E .  W i l l i a m s  [ i j  ,
a r e  t h a t
u ( p , z )  =  - i )  ( p , - s )  ( 7 )
a n d
u  =  0 ,  z  =  0 ,  a  <_ p <_ b .  ( 8 )
F i n a l l y ,  t h e  r a d i a l  a n a  t a n g e n t i a l  c o m p o n e n t  o f  t h e  c u r r e n t  d e n s i t y -  
i n d u c e d  o h  t h e  d i s k  a r e
J p  =  2 it o e  8u_ f JTip -  0 ,  z  -  0 ,  o  <_ p a .  ( 9 )
3 p
I n  o r d e r  t o  o b t a i n  a n  i n t e g r a l  e q u a t i o n  f o r  t h e  p r o b l e m  w e  f i r s t  i n t r o d u c e  
t h e  G r e e n ' s  f u n c t i o n  G ( P , Q )  w h i c h  v a n i s h e s  o n  t h e  w a v e  g u i d e  w a l l  a n d  
s a t i s f i e s  t h e  e q u a t i o n
( V 2 +  k 2 ) G ( P , Q )  =  -411 6 ( P , Q )  .
H e r e  P  i s  t h e  f i e l d  p o i n t  ( p , < | ) , z )  a n d  Q i s  t h e  s o u r c e  p o i n t  (p  .
I t  i s  a s s u m e d  t h a t  (J> a n d  ^ a p p e a r  i n  t h e  G r e e n ' s  f u n c t i o n  i n  t h e  f o r m  (<{>--$© 
s o  t h a t
G ( p , < j > , z ; P / (j>i’z '* )  =  G ( p  , z ;  " ; p  f Z ' )  s a y .
V a r i o u s  f o r m s  o f  t h e  G r e e n ' s  f u n c t i o n  a r e  q u o t e d  i n  t h e  a p p e n d i x .
G r e e n ' s  s e c o n d  t h e o r e m ,  f o r  t h e  f u n c t i o n s  u  a n d  G ,  i s  n o w  a p p l i e d  t o  t h e
-191-
v o lu m e  b o u n d e d  b y  t h e  s u r f a c e s  o f  t h e  d i s k ,  t h e  w a v e  g u i d e  w a l l  a n d  t h e  
e n d s  o f  t h e  w a v e  g u i d e  a t  i n f i n i t y .  A  r a d i a t i o n  c o n d i t i o n  i s  im p o s e d  
o n  t h e  f u n c t i o n s  u  a n d  G  a n d  o n  i m p o s i n g  t h e  c o n d i t i o n s  ( 6 )  a n d  ( 7 )  o n  
t h e  f u n c t i o n  u ,  t o g e t h e r  w i t h  t h e  r e q u i r e m e n t  t h a t  t h e  f u n c t i o n  G m u s t  
v a n i s h  o n  t h e  w a v e  g u i d e  w a l l ,  w e  a r e  l e d  t o  t h e  e q u a t i o n
u(p/Z) - i)  ( t  , o )  
211
3 K o  (p  , z ;  t ,  % " )  
8 z "
t d t  ,
2>Q
w h e r e
4.7T
Ko(p , z ; p , z } — G ( p , z f b ; p / z ' ’ ) d<|> .
C o n d i t i o n  ( 5 )  i s  n o w  i m p o s e d  o n  t h e  f u n c t i o n  u  o n  t h e  l e f t  h a n d  s i d e  o f  
( 1 0 )  a n d  f o l l o w i n g  t h e  p r o c e d u r e  o f  B o u w k a m p  [ 2]  ,  t h e  i n t e g r o - d i f f e r e n t i a l  
e q u a t i o n
d
3u
3 z
+ A —
z = o
J 2 + 1 + k 2
Sp2" p 3p
-v  ( t , o )  
"211
K o ( p , o ; t , o )  t d t  ,
f o r  o  <_ p < a ,  i s  o b t a i n e d ,
F o r  t h e  G r e e n ' s  f u n c t i o n ,  p r e s e n t e d  i n  t h e  . a p p e n d i x  a s  t h e  s u m  o f  a  f r e e  
s p a c e  t e r n  a n d  a  b o u n d a r y  e f f e c t  t e r m  [ s e e  e q u a t i o n s  ( 1 )  a n d  ( 3 ) ]  i t  
f o l l o w s  f r o m  ( 1 1 )  t h a t  K o ( p , o ; t , o )  m a y  b e  w r i t t e n
K o  (p  , o : t  , 0) =  F  ( p ,  t )  +  B  (p  > t )  ,
w h e r e
F  ( p , t )  «  2TI J o  ( A p )  J o  ( A t )  A d A
a n d
B  (p  , t ) K o ( y b )  , I o ( X p ) . I o ( / t )  d a  
Io('ifb)
I n  o r d e r  t o  r e d u c e  t h e  I n t e g r a - d i f f e r e n t i a l  e q u a t i o n  t o  a n  i n t e g r a l  
e q u a t i o n  a  r e s u l t  d u e . t o  W . E ,  W i l l i a m s  [ s ] ,  v i z
•192
32 +  1  3 +  k 2 t ~ - o  ( t , o )
3p2 p 3p 2K -
F ( p , t )  d t
- d co
= 2H / P f  t  d (t, o) . J , ( A p ) J , ( A t )  S  d A d t
P 3 p J  A d t 2 n
0 0
u ( a , o ) - o ,
(16
( 1 7
i s  r e q u i r e d .
i
I n  a d d i t i o n ,  t h e  a n a l a g o u s  are s u i t
d
3 2 + 1 3 + kd
r
t ~ u ( t f o ) B ( p , t ) -  d t
_ 3 p 2 P 3p
2n
d  co
O ■
-
=  4  J ) P r  r . t d - u ( t , o ) K o ( 3 b ) , I  j ( 3 p ) . I  j ( i ' t ) g 2 d a d t
P 3p
1
i j f a
d t - 211 _ I o ( i f b )
( 1 8
o o
a l s o  s u b j e c t  t o  c o n d i t i o n  ( 1 7 ) - ,  i s  r e q u i r e d .
O
T h e  i n t e g r o - ’d i f f e r e n t i a l  e q u a t i o n  m a y  n o w  b e  w r i t t e n
a
3u j +  A — 1 .JL
r~.
__d —u ( t , o) Pf , ( t , P) + b , ( t , p ) l
3z |z=o P 3p d t 211
U * 1 -J
w h e r e
co
F f; ( t , p )  =  2 I I ( p t )
J
J ,  ( A p )  J  j ( A t )  £  d X  
A
( 1 9
(20
a n d
B  j ( t , p )  =  4  ( p t )
oo
/"*■
K o Q T b )  I  ( / p ) I ,  ( 7 t )  a 2 d g  . 
l o  (3  b )  f a
(21
I t  h a s  b e e n  s h o w n  b y  W . E .  W i l l i a m s  [ 3 ]  t h a t  F j  ( t , p )  m a y  b e  d e c o m p o s e d  i n t o ,  
t h e  s u m  F / t , p )  +  F / t , p )  s a y ,  w h e r e
F  ( t , p )  =  I 2TT ( p t ) J [ [ p T k 2 -  A 2 ]  J |  [ t / k 2 -  A 2 ]  A 2 d A  
( k 2 - A 2 )
(22
and
P 3 ( t , p ) u 2 c o s  ( k ( p 2 - u 2 ) {] c o s [ k  ( t 2 ~ u 2 ) jl d u
(p2-U2) 1 ( t 2”U2) 2
I n  t h e  m a n n e r  o f  W . E .  W i l l i a m s  [ 3]  t h e  k e r n e l  f u n c t i o n  F ( i s  r e p l a c e d  b y  
t h e  a b o v e  d e c o m p o s i t i o n s  i n  ( 1 9 ) .  A f t e r  so m e  r e a r r a n g e m e n t  o f  t e r m s  a n d  
i n t e r c h a n g e  o f  o r d e r s  o f  i n t e g r a t i o n ,  a n  i n t e g r a t i o n  w i t h  r e s p e c t  t o  p 
f r o m  0 t o  p y i e l d s  t h e  i n t e g r a l  e q u a t i o n
a
g ( p )  +  Ap_2 ~ ~
2 t
p
d —u ( t , 0 ) [ P 2 ( t , p )  +  B ,  ( t , p )  ]  d t
d t 211
=  4 t 2 c o s  [ k  ( p 2 - t 2 ) 5,
r\
d - u ( w , o ) c o s  [ k  (w 2 “ t 2 ) l )
c ( p z - t 2 )* 2 c dio 2 k
C •fc
f o r  o  <_ p <_ a ,  w h e r e .
P
g  ( p )  = _3u pdp
8 z  z = o
A  m e t h o d  o f  r e d u c i n g  t h e  a b o v e  i n t e g r a l  e q u a t i o n  t o  a  F r e d h o l m  i n t e g r a l  
e q u a t i o n  o f  t h e  s e c o n d  k i n d  h a s  b e e n  p r e s c r i b e d  b y  W . E .  W i l l i a m s  [ 5 ]  . 
F o l l o w i n g  h i s  p r e s c r i p t i o n  w e  o b t a i n
W (o ) g  ( a u )  +  A a 2 u 2~| c o S h  j a ( u 2 ” U 2 ) d u
2 T  < u 2 - u 2 ) V
- j  ^ K |( u ,u )  + K2 (« ,u) J  . W(u) du ,
f o r  o  < u  <  l r w h e r e  a  =  ,k a .
T h e  k e r n e l  f u n c t i o n  K j  i s  g i v e n  b y
i
s i n h  ( u a t ) , s i n h  ( u a t )  d t ,K j ( u , u )  ~  i 2 a
n
a
I t  h a s  b e e n  o b t a i n e d  b y  W . E .  W i l l i a m s  [ 3]  a n d  i t  i s  s i m p l y  t h e  k e r n e l  f u n c t i o n  
f o r  t h e  r e l a t e d  p r o b l e m  o f  t h e  ' d i s k  i n  f r e e  s p a c e 1 . T h e  k e r n e l  f u n c t i o n  
K ^  i s  o b t a i n e d  i n  a  s i m i l a r  f a s h i o n  a n d  i s  g i v e n  b y
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oo
I< ( u , u )  =  4  s
n2
K o ( S ) . s i n h  ( u e t ) . s i n h  ( u e t )  d t  , 
I o  ( S )
2 2 9  9
w h e r e  e  =  a / b .  ~  I n  t h i s  e x p r e s s i o n  s  =  t ' -  «  / £  a n d  t h e  p a t h  o f  
i n t e g r a t i o n  ( o f» )  i n  t h e  c o m p l e x  t - p l a n e  i s  s h o w n  i n  t h e  f i g u r e  b e l o w ,
1 _  _  /J . I
-
— — > -----------
o k b
e i
F i n a l l y ,  t h e  d e s i r e d  f u n c t i o n  i )  i s  r e l a t e d  t o  t h e  u n k n o w n  f u n c t i o n  W b y  
t h e  e q u a t i o n
l
u ( a u , o )  =  - 4 a W ( u ) ' c o s h [ f l ( u 2 - u 2 ) j ] d u .
( u 2 - u 2 ) ’s -
T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 6 )  m a y  b e  s i m p l i f i e d .  F o r
t h e  i n c i d e n t  f i e l d  i n  q u e s t i o n  ( s e e  ( 2 ) ) ,  S o n i n e ' s  s e c o n d  f i n i t e  
. r f o  i n t e g r a l  m a y  b e  u s e d  i n  ( 2 5 )  t o  g i v e
= ~i  , A> P J ;  (pUi ) 
b / n  y f  J j  ( y , b )
O n  s u b s t i t u t i n g  t h i s  v a l u e  f o r  g ( p )  i n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 6 )  t h e  
f i r s t  t e r m  m a y  b e  e v a l u a t e d  e x p l i c i t l y ,  a g a i n  u s i n g  S o n i n e ' s  s e c o n d  
f i n i t e  i n t e g r a l .  P r o c e e d i n g  w i t h  t h i . s  e v a l u a t i o n ,  t o g e t h e r  w i t h  t h e  
s t r a i g h t f o r w a r d  e v a l u a t i o n  o f  t h e  t e r m  i n v o l v i n g  t h e  a r b i t r a r y  c o n s t a n t  A ,  
w e  o b t a i n
(2 8 )
( 2 9 )
( 3 0 )
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W ( b )  =  A  . a  j r )h  a u  -  i  . ^ n o h ^ u d - y H / k 2 ) j
2 « n  2 a b  l Y  y f  J j ( y , b )
I
—  ' J  [ k , ( u , u )  +  K 2 ( u , u ) ]  .  W (u )  d u  ,  ( 3 1
o
f o r  O <_ u  y  1 .
T h e  a r b i t r a r y  c o n s t a n t  A  i s  d e t e r m i n e d  f r o m  t h e  c o n d i t i o n  t h a t  t h e  e d g e  
o f  t h e  d i s k  s h o u l d  n o t  r a d i a t e  e n e r g y .  R e q u i r e m e n t s  f o r  s u c h  a  
c o n d i t i o n  h a v e  b e e n  g i v e n  b y  D . S .  J o n e s  [ 5 ]  a n d  f o r  t h e  c a s e  i n  h a n d  w e 
r e q u i r e  t h e  r a d i a l  c o m p o n e n t  o f  t h e  i n d u c e d  c u r r e n t  d e n s i t y  t o  v a n i s h  
a t  t h e  e d g e  o f  t h e  d i s k .  F r o m  e q u a t i o n s  ( 9 )  a n d  ( 2 9 )  i t  c a n  b e  s e e n  
t h a t  t h i s  w i l l  b e  t h e  c a s e  i f
W(l) = 0 ( 3 2 )
B e f o r e  i m p o s i n g  t h i s  c o n d i t i o n  o n  W i t  w i l l  p r o v e  c o n v e n i e n t  t o  e x p r e s s  
t h e  i n t e g r a l  e q u a t i o n  i n  a  s l i g h t l y  d i f f e r e n t  f o r m .  O b s e r v i n g  t h a t  
W ( - u )  =  - W ( u ) ,  e q u a t i o n  ( 3 1 )  m a y  b e  r e - w r i t t e n
C- b-J
W (u )  ' «  A  .  S  i  H h a u  “  j  c 5 ? r?h;au ( l - y [ / k 2 ) j
2  a l l  
I
■TOA . ,2
+ £  
n  u
- i
2 a b  I I  „ y z  J j  ( y ( b )  
CO s h  j a t  ( u - u l )  d  t
co
*  f  K ° ( s ) * C Q S h [ e t ( u - u ) ]  d t
a n  J  I o ( S )
„ V J ( u ) d u  , ( 3 3 )
f o r  - 1 • <  u  <  1 .
C o n d i t i o n  ( 3 2 )  i s  n o w  i m p o s e d  o n  ( 3 3 )  t o  o b t a i n  a n  e x p r e s s i o n  f o r  A  w h i c h
i n  t u r n  i s  s u b s t i t u t e d  i n  ( 3 3 ) .  T h e  r e s u l t i n g  e q u a t i o n  t a k e s  t h e  f o r m
19
I
i  jj' F ( a , a , u , u , t )  d tW ( u )  «  f  ( u , a )  +  £
■ If
- I
JU 0
CO
+  2e_ K o ( S )  F  ( a ,  e , u , u ,  t )  d t
a lt  J  l o ( S )  
o
.  W ( u )  d u  , ( 3 4 )
f o r  - 1  < u  < 1 ,  w h e r e
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f  (u ,a )  « i  $( p h  co). s i  n h [ a ( l - ' y i f / k 2 ) Si n h a . s in h  [a t  ( l ~ y 2 / k 2 ) J
y 2 j r | ( y , b )  , s i n h  a2&b n 3^  ”
a n d
F (a , e , u ,v , t ) ss s i n h  a.  c o s  h [ s t  (u~uj] — S i p b  a.  c o S h  [e t (u -1 ) ]
S i n h  a
P ro v id ed  a i s  sm a ll  and p ro v id e d  e -  0 (a )  an approx im ate  s o l u t i o n  t o  
t h e  i n t e g r a l  e q u a t io n  may be o b ta in e d  a s  a pow er s e r i e s  i n  a , u s in g  an 
i t e r a t i v e  t e c h n iq u e .  The f u n c t i o n s  f  and F a r e  f i r s t  expanded as  a 
power s e r i e s  i n  a .  I t  can be shown t h a t
f  (u , a) = i ( l« -y 2/ k 2) * u (u2- l )
2 H ‘ J ( ( y j b )
2 . i'. -c* + ci ’ y2 (2~y2/ k 2) -  y 2A 2 “ 4/3
+ c r  
71
f t  (3~3y2/ k 2 + y^/kF)
+ U2 ( -4 "3y2/ k 2 -l-y^/k^)
+  ( 1 6 / 3  -!- 4 y 2 / k 2 + y ' f / k l f )
1
.+ 0 ( a ° )  j
and
F (a ,  e fu ,o  , t )  -  (1-u)
+ a 2 [” <S2t 2 (u- i ) /  + 1_ -  62u t 2 (u~l) 2
L 2! 31 2!
1
u /  -  . (l~u)
3 !  S l -
OG)
(37);
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+  a 6 4 t lf ( u ~ u / f  +  <S2 tr.2 ( u - u )  2 +  1
U  4 !  3 !  21 51
“  <Vf u t G  ( u - 1 )  4 ~  5 2 U 3 t 2 ( u - 1 )  2 -  u £  
4 !  3 ! 2  J 5 !
- i
31
f i2 t 2 ( u - u )  2 +  -  <S2 u t 2 ( u - 1 )  2 -  u i ]
3 !  J3 ! 3 ! 21
+  1 4  ( 1 - 0 )
6!
c
+ o ( a 6 ) ,
w h e r e  <S =  s / a  .
T h e  c o r r e s p o n d i n g  p o w e r  s e r i e s  f o r  W i s  n o w ,  f r o m  ( 3 4 ) ,
( 3 8 )
W ( u )  =  i ( l ~ y 2 / k 2 ) 2 6 u ( u z - l )
2 n 3 / ^  J  ( ( y  } b )
x  [ A c t 2 +  B c r  +  C a 6 +  D a 7 +  0 ( a 8 ) ]  , ( 3 3 )
G
w h e r e
A  ®  _ JL
3 !  ,
= _JL [u2(2~y2A2) - H2/k2 - 4/3] , 
5 !  J
( 4 0 )
( 4 1 )
7 1
u 4 ( 3 - 3 y 2 / k 2 +  \xu; f k h )
+  u 2 ( - 4 - 3 y 2 / k 2 +  y ' t / k 4 )
+  ( 1 6 / 3  +  4 y 2 / k 2  +  y l, V k 4 )I 1 ( 4 2 )
D = 8
1 5 .3 6 1 1
00
<53 p K o ( S )  t 2 d t  +  6'5-1
1 5  II J  l o  (S )
0
n J
K o  ( S ) t G d t  
l o  ( S )
(4 3 )
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I n  o r d e r  t o  o b t a i n  a n  e q u i v a l e n t  c i r c u i t  w h i c h  d e s c r i b e s  t h e  e f f e c t  o n  
t h e  T M o i m o d e ,  t h e  s c a t t e r e d  f a r  f i e l d  f o r  s u c h  a  m o d e  i s  r e q u i r e d .
C o n s e q u e n t l y  a t t e n t i o n  i s  n o w  f o c u s e d  o n  t h e  f a r  f i e l d  b e h a v i o u r  o f  
u  ( p , ? . )  a s  z  ->• -  «> «
S u c h  b e h a v i o u r  i s  o b t a i n e d  f r o m  e q u a t i o n  ( 1 0 ) .  T h e  t e r m  i n v o l v i n g  K o  i n  
t h i s  e q u a t i o n  i s  o b t a i n e d  f r o m  e q u a t i o n  ( 1 1 )  w i t h  t h e  f u n c t i o n  G  g i v e n  b y  
e q u a t i o n  ( 4 )  o f  t h e  a p p e n d i x .  T h e  t e r m  i n v o l v i n g  u ( t , o )  i s  r e p l a c e d  b y  
i t s  r e p r e s e n t a t i o n  ( 2 9 ) .  F o r  p r o p a g a t i o n  i n  t h e  w a v e  g u i d e  i t  i s  e a s i l y  
v e r i f i e d  t h a t  a s  a  -  c s
u ( p , z )  =  T  e x p  [ i z / k 2 -  u"f ]  t ( 4 4 )
w h e r e
T  *= - 8 a e 2 J o ( U .TP)
[ j  | (I* | b> ]
u
O o
( 4 5 )
O n  i n t e r c h a n g i n g  t h e  o r d e r  o f  i n t e g r a t i o n  i n  ( 4 5 )  a n d  e m p l o y i n g  S o n i n s ' s  
s e c o n d  f i n i t e  i n t e g r a l  i t  f o l l o w s  t h a t . T  i s  m o r e  c o n v e n i e n t l y  w r i t t e n
T  =  - i  8  f a  J o  ( y  i p )
A| [  J ,  ( y  , b )  ] 2
( 4 6 )
c
T o  o b t a i n  a  p o w e r  s e r i e s  e x p a n s i o n  f o r  T  t h e  h y p e r b o l i c  f u n c t i o n  i n  ( 4 6 )  
i s  e x p a n d e d  a s  a  p o w e r  s e r i e s  i n  a  a n d .  W i s  r e p l a c e d  b y  i t s  p o w e r  s e r i e s  
e x p a n s i o n  ( 3 9 ) .  T e r m w i s e  i n t e g r a t i o n  y i e l d s
ah r*. l± j \T  =  “ DO ' UO \ \ i  \ P )
x  j A ,  a 5 +  B , a /  C ( a 5 +  D |O ti 0  +  © ( a 11) *] , ( 4 7 )
w h e r e
I J  J  ™
A | = ::1 (1- yf A2)
4 5
B j “ J i_  h?A2> (3yf/k2 - i)
9 4 5
c I = "JL. <!- U?A2) <3w'.f A*1 “ 2y2A2 + 6) ,
9 4 5
( 4 8 )
( 4 9 )
( 5 0 )
_4_ (l»y2A 2)
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oo oo
JL + f t  
15 n
3 I K o . ( S ) t 2 
f  J Xo (S)
d t  ~  i l  f  Ko(S) t h d t  
“n J  io(s) , ,
( 5 1 )
We c o n s i d e r  n o w  t h e  t o t a l  T M o i f i e l d ,  i . e .  i n c i d e n t  T M o i f i e l d  p l u s  
s c a t t e r e d  T M o i f i e l d ,  a t  t h e  t e r m i n a l  p l a n e s .  F r o m  e q u a t i o n s  ( 1 ) ,  ( 2 ) ,  
( 3 )  a n d  ( 4 4 )  i t  m a y  b e  d e d u c e d  t h a t  f o r  s u c h  a  f i e l d  t h e  t r a n s v e r s e  
c o m p o n e n t s  o f  t h e  e l e c t r i c  a n d  m a g n e t i c  v e c t o r s  a t  t h e  t e r m i n a l  p l a n e  
z  < o  m a y  b e  w r i t t e n
H t  =  I | { z )  = h_
w h e r e
I ,  ( z )  =  - i w e  
—
- i A j Z  i X  t z  
e  1 — e  1 T y ?
( 5 2 )
( 5 3 )
V .  ( z )
a n d
— ± A |
T '
- iX iz  i Ai z  r  o 
a  1 +  e  1 I T y ,
L €
( 5 4 )
1  J o  ( y  ip )  
T f F  b J o ( y i b )
( 5 5 )
I n  t h e  a b o v e  e q u a t i o n s
e  =  g r a d  <f>
~  y }
( 5 6 )
a n d  h  =  n  e  , w h e r e  n  =  k ,  
—  -  A ~~ —  —
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Similarly, for the tota l fie ld  at the terminal plane z  > o
where
1 / 2)
and
i / z )  h_
£ t  = V (z) e_
« -icoe -iAiZ -iXiz e + e 1 Ty2
- .  ♦  - -
“ ~/_i„ -iXiz -iXi z e 1 + e 1 Ty?“
Pi . *  -
v2 (2)
The V's and the corresponding I ‘s satisfy  the transmission line equations
dV = -iX |Z jI and dl = -iXjy V , 
dz dz
(57)
(.58)
(59)
(60)
" I l
we
(01 )
The conventional arguments of transmission line theory are now adopted and 
with reference to the plane z ~ 0,  i t  is  assumed that the V s  and the I 's  
are related by an impedance matrix £z[jj in the form
~Vj (o)’ Zi l  Z12 ‘ I  ,< o f
1 
< to T
O
f Z21 Z22 / I 2 (o)_
A reciprocity theorem [6] indicates that z 19 = z91 and considerations of
1 = Z2 2 * F*
(59) and (62) i t  is  seen that
'21
symmetry [8] indicate that z_  ^ = z22* From equations (53), (54), (58),
(62)
2*LJ -Xl2we
1 +
Ty;
F u r t h e r ,  e q u a t i o n s  (4.7) , (55) a n d  (61)  g i v e
z i j z l f - 1 -  45IT J i(li |b)
2
JL__
2 4A|be5 y ib S(a)
where
S(a) = 1 + (B ./A ,)a 2 + ( C J r q M +
Clearly, for small a and small e
z-j R say,
where
• Rb 
Z|Ag
45
16s' y,b
Ag -  2n
This result suggests that the obstacle is  largely resistive . The 
equivalent circuit is  depicted below.
1 , ( 0  )  -  I j ( ° )
Z
A t.> R }
V,(°) V f o )  Z
Throughout the work i t  has been assumed that y x < k < y2 ...........  Values
of y (b and y^ b are well known [8] and hence the analysis is  valid only in 
the wavelength range
2 Tib < A < 2,11b , k -  211 .
5.520 2.405 A
Although the effect on the TMol mode only has been described, i t  is  
possible for other modes to propagate in this frequency range.
-2 0 2 -
The integrals appearing in equation (51) are of the form 
oo
Go = - | Ko(S) . t^n dt , n =»* 1,2, 
J Io(S)
0
where S2 = t 2- k2b2 with specified branches 0 arg (t - kb) < 211 and 
-II < arg (t + kb) < E. The path of integration (o,oo) in the complex t  
plane is  shown in the figure below.
For a few selected values of kb in the range 2.405 < kb < 5.520 the author 
offers the following numerical results:
n=l
kb^^Y
nGo n-2 Go
Re (Go) Im(Go) Re(Go) Im(Go)
3.0 3.6248 “6.7693 3.0 35.2122 9.0884
3.5 -2,5682 -7.1931 3.5 37.1963 -26..6896
4.0 “7.7242 -3.7482 4.0 7.1510 -58.9647
4.5 “10.2754 3.3771 4.5 -52.3799 -61.6859
5.0 -6.7830 14.3512 5.0 -118.386? -0.2047
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A reflection coefficient for the TM01 mode, R1 say, defined as
the ratio of the backward scattered mode current to the inciden
mode current i s ,  from (53)
4  -  '  U L l 
$
— 4  f /Cib  | x ( k N  —/ i f  IV ) T  £  5 Sid )
457rL
where S (06) is  given by (65).
For the case when Kb = 4, values of R1 are shown for various
values of CC in the table below.
<&\
R e  cn 0 Xtn  (  R')
O X  o 
0:2  4 
0-5&
-5
0* o£o5r io 
-5
0 ‘ 1605 XlO .
-5  
X to
-10
-d'0H4X iO 
-10
- 0*0706/ (0 j 
-o -3 5 0lSx/e°|
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The Green's function for the problem w ill be presented as the sum of 
a free space form, F(P,Q) say, which contains the singularity at the 
point P = Q and a boundary effect term, B(P,Q) say, which is  everywhere 
regular. The equations satisfied  by these functions are
(V2 + k2) F(P,Q) « -411 6 (P,Q)
APPENDIX
and
(V2 + k2) B(P,Q) = 0 ,
where B(P,Q) = - P(P,Q) on the wave guide wall.
Using conventional transform methods i t  can be shown that
F(p,^rz;p^^z") = E (2 - <Son) cos [n (<£>-<}>')]
n~o
co
where
J Y n (X p )  Jn(Xp") exp (-s  f z - z Q ) XdX
S - -  /x2 - k2 . X >‘ k r
-  i / k 2* X2 r X < k .
The path of integration in the X plane is  indented to avoid the branch 
point at X = k.
Alternatively, i t  can be shown that
F (p,<j>,z/Pf <f> fz ") = £ (2 - 6on) cos Tn (<£ -<!>')]
n=o
Kn()fp>) ln(Xp<) cos [ a d a
V7here p> = max £p,p J t p< = min | p^,p''~j .
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Here, y 2 ~ a2 -  3c2 with specified branches O <_ arg(a-k) < 211 and 
-II <_ arg(a+k) < It. The path of integration ( 0 , c d )  i s  shown below .
I r n  («•)
O R e  («9
n
With the same nomenclature as in (2) i t  can be shown that the boundary 
effect term is
oo r  iB(p,<f>,z;p,<f>',z") = « I, (2-<Son) cos[n
x
n=o
co
2_ f Kn(£b) ,In(#p). In(Yp"). cos fa(’z'*~7-)l <3a 
n J In (£b)
(3)
Finally, i t  can be shown that a Fourier-Bessel expansion for the Green’s 
function G(P,Q) is
G( p, <| ) , z ; p^( f ) = E (2"5on) cos|n (4>—<p'*)J
n=o
x 2_ _E Jn (ii; p") Jn(y( p) exp [~-Aj (z"~z)] 
h 2 ^ 1 Aj [jn+l(yj b) ]2
(4)
when z '  > z, where
XJ = /p j2 - k2 , pj > k,
= i/k 2 - yj2 , yj < k,
and the yj are the ordered non zero terms for which 
Jo(yjb) = 0 .
When z  > z", the roles of z and z" need only be reversed in (4).
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